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Introduction Consider the exponential sum

S(a) = 3 p2(n) efan).

n<N

where N is a large integer, e(z) = ™ and where p(n) denotes the Mobius

function. This sum appears naturally in the study of various problems in-
volving squarefree numbers. For example, if r, (V) is the number of repre-
sentations of N as the sum of v square—free numbers, then we have

TU(N):/O S(a)” e(—aN)dao.

In the case v > 3 Evelyn and Linfoot [5], Mirsky [7] and Briidern and
Perelli [2] used the circle method to obtain asymptotic formulae of the form

ro(N) = ﬁ( ) SANINT E AN AN = o8,
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where | |
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For v > 3 the sharpest estimate for A, (V) is due to Briidern and Perelli.
They prove ([2], Theorem 1) that if # > 3 then A,(N) = O(N~3/2+%) holds,
where here and later € > 0 denotes an arbitrarily small number, which is not
the same in different occurences.

Bridern and Perelli also show that the last estimate is best possible up to
the current knowledge about Riemann’s zeta function ((s). More precisely



([2], Theorem 2), if v > 2 then A,(N) = Q(N*=#9/2=2) \here 0 is the
supremum of the real parts of the zeros of ((s). It is however established
([2], Theorem 3) that under the generalized Riemann hypothesis (GRH) for
all Dirichlet L—functions one has A,(N) = (’)(N”_7/4+5) for v > 4 and also
As(N) = O(N®/2+2) Thus, in the case v = 3 they miss the optimal
exponent by 1/14.

One of the key instruments for obtaining these results is the estimate of
the sum S(«) on the set of minor arcs. Suppose that ) > 1 and denote

M@=y U [t~ &2+ 2] ma =21+ G rm@

9<Q (ach=)1:1
Theorem 4 of [2] states that if @ < N®7, then the estimate (2), given be-
low, holds. A similar result was previously obtained by Baker, Bridern and
Harman [1], but under the condition Q < N'/3.
The aim of the present paper is to present the proof of the following:

Theorem. Suppose that
(1) L<Q< N2
and let m(Q) be defined as above. Then for the sum S(«) we have

(2) sup S(a)] € N'HEQ
aEm(Q)

It is pointed out by Briidern and Perelli at the end of section 5 of [2] that
from this theorem one can obtain:

Corollary. Suppose that GRH holds. Then we have As(N) = O(N°/4+2),

We should mention that the circle method provides a non—trivial esti-
mate for Ay(N) as well (see Briidern et al [3]), but it is weaker then the
estimate Ay(N) = O(N?/3+), obtained by elementary methods by Evelyn
and Linfoot [5] (see also Estermann [4] for simpler proof).

Furthermore, Heath-Brown [6] developed the square sieve and applied it
to the related problem of counting square—free twins. Using his method one
can obtain Ay(N) = (’)(N7/11+5).

To prove our theorem we apply the square sieve as well as some of the
methods used in [2].
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Proof of the theorem Let us take arbitrary o € m(Q). From Dirichlet’s
theorem and from the definition of m(@Q) it follows that there exist integers
a and ¢ satisfying

a
o — —

q

(3)

IA

(a,q) =1, Q<q<

SE

@
gN’
It is clear that

Se)= > pd) > eladm)

d<N1/2 m<Nd=?2

and therefore, according to Lemma 5.1 of [8], we have

(4) Sla) < log N max Y(a,D),
3<DLN/2
where
(5) YiaD)= Y min(ND, lad?||)
D<d<2D

and where ||z|| denotes the difference from z to the nearest integer.
Briidern and Perelli [2] estimate Y (o, D) by three different methods and
establish that

(6) Y(a,D) < N'*=Q™

unless D? € [NQ_l, Q4/3>. If @ < N3 the later interval is empty, so (6) is
true for all D € [L, N'/2]. This implies Theorem 4 of [2].

To prove out Theorem we shall estimate Y (o, D) using the square sieve.
We can assume that

(7)

S D2 S Q4/3

Ol =



because in the other cases the estimate (6) is established in [2].

Let P be a parameter, which we shall specify later. Now we assume only
that

(8) N7 < P < NY? for some constant n > 0.

Consider the function

0 - (5 (),

P<p<2P p
g

where the summation is taken over primes and <z_9> stands for the Legendre
symbol. Obviously k(k) > 0 for any integer k. Furthermore, we have

(10) k(k)y>1 if k=d* forsome de(D,2D].
Indeed, in this case

> (H= 2 1z 2 1w,

P<p<2P p P<p<2P P<p<2P
g pdg

where v(n) denotes the number of different prime factors of n. It is well-
known that v(n) < 2logn, so (10) follows from Tchebyshev’s prime number
theorem and (8), (9). Using (5) and (10) we get

(11) Y(a, D)< Y w(k) min (M, |[ak]]™")

D2<k<4D?
where we have put
(12) M=ND?.

We can now expand the function min(M, ||x||™') into Fourier series, but
it does not converge very fast and some extra efforts are needed to deal with
the ‘tail” of this series. To avoid this we take a smooth function G(M,x),
which is periodic with period one, satisfy

(13) min (M, ||z||™") < G(M, )



and which has Fourier expansion

(14) G(M,z) = cqe(nw)

neZ
with coefficients satistying
(15) cn L log M
and
(16) Y el < M4

|n|>M1+a

for any arbitrarily large constant A > 0 (the constant in the < — symbol
depends on ¢ and A).

To construct such a function we take an infinitely differentiable function
w(x), which is supported and positive in the interval (—1,1) and such that
Jo w(x)dx = 1. Then for any p > 0 we define w,(z) = p~'w(p~'x) and
consider the convolution

o0

g(M,x,p) :/ min (M, ||t]|™") w,(x —t)dt.

— 00

We put G(M,z) = 2g<M,:1;,(10M)_1>. It is not difficult to see that the
conditions (13) — (16) hold.
Having in mind (11) — (14) and (16) we find

(17) Y(a,D) < 1+ |Z(e, D),

where

Z(a, D) = Z k(k) Z e e(akn).

D2<k<4D? |n|<Af1+e

Now we apply (9) to get

Z(a, D) = <1O§’;P>2 Z Z <i> Z e e(akn),

’
D?<k<4D? P<p,p'<2P pp |n|<M1te
(pr'y9)=1

where (W) is the Jacobi symbol. We represent the last sum in the form

log P

(13) Z(0,0) = (B5) (& + &),



where

E = Z Z Z e e(akn),

D2<k<4D? P<p<2P |n|<M1l+e

ptkq
k
&, = Z Z <—/> Z ¢n e(akn)
D?<k<4D? pp': (19) pp [n|<M1te

and where the summation over p and p’ is taken over primes satisfying

(19) pP<pp<2p,  (ppg=1, p#Fp.
Consider the sum &;. It is clear that
(20) E= Y e > > elakn) + O(N°PD?).
0<|n|<M1te P<p<2P  D2<k<4D?
ple k20 (mod p)
According to Lemma 5.1 from [8], for the sum over k we have

(21) Z e(akn) = Z e(akn) — Z e(akn)

D2 <k<4D? D2<k<4D? D2 <k<4D?
kZ0 (mod p) k=0 (mod p)

< min(D Jan| 1) + min(D* P~ [|apn|| ).
Hence from (12), (15), (20) and (21) we get
(22) & < N (PEW + €@ 4+ pp?y,

where

&Y= 3" min(D?,|lan||™),

nSMl-I-a

Y. Y min(D*P7 [japnl[T)

n<Ml+e P<p<2P

(the summation is already taken over positive n only).

To estimate 51(1) we apply Lemma 5.4 of [8] and use (1), (3), (7) and (12)
to get

111 1 D
23 e N1+5< 4 ) < N <— —> .
(23) 0 « t oty ot



Furthermore, we have

&Y < N r(h) min(D2P, ||k ),

h<2PM?1+e

where 7(h) is the divisor function. Proceeding as above we find

1 D?
(29) &P <N Y min(DzP_1,||ah||_1)<<N1+5P<__|__>‘
Q N

R<2PM1+e

From (22) — (24) we obtain
1 D?
14« - -
(25) & < N P<Q—|—N>.

Consider now &. We have

&) = Z Z en Fro(a),

p,p’: (19)  |n|<M1te

where
k
(26) F.(a) = . Z 2 <p_p’> e(ank).
<k<4D
We divide & into two parts:
(27) &=8"+8".

where 52(1) is the contribution of the terms with n # 0 and 52(2) comes from
the terms with n = 0.
Using Pdlya — Vinogradov’s inequality (see, for example, Theorem 2.1

of [8] ) we find

Fola) = Z <pip’> < \/pp log N

D2<k<4D?

and therefore, according to (12) and (15), we get

(28) £P « N PP,



Consider 52(1). Bearing in mind (15) we find

(29) ) < N° Z > R

S (19) n<M1+e

We shall estimate the sum F),(«), defined by (26). According to (3), we write
« in the form

a N
30) a=S45. whee (wp=1. Q<q<y. |ﬂ|§q%.

Write

= ¥ (L))

prar<t PP q
Using Abel’s formula and (12), (29) and (30) we find

B m= Y () () epmi

p2epeapz PP q
4D? d
_ / G(t) el But) di + GUAD?) e(ANAD?)
D2
< (1+|B[nD?*) max |G(t)]

te[D?,4D?]
< N* [max |G(1)].
Consider the sum G/(t). We divide it into O<D2 (pp’q)_1> complete sums

and at most one incomplete sum modulo pp’q. However, since (pp/,q) = 1,
for the complete sum we have

PPy k anky ug + v an(ug + vpp')
(L) (28) - 5 5 syt
() E ) S o

Hence we can write Gi() in the form

0= 3 (o))

Ki<k < Ky pp



where
(32) 0< K, - K, <ppg.
We proceed in a standard manner to find

Y () G

' '
_prlq P
7 <s<Hg

'
pp'y
1
/

) Gn=Y Y

k=1 K;<h<K

= Z ¢s 057

’ ’
_pp'q pp'q
7 <s<5y

ppq

where
1 —h Ay Eoosk
N CE N T e}
PP S, PP — \pp ¢ g
Using (32) we easily get
(34) by < (14 [s))7".

Consider 8,. We have

pp’ g , / /
B uq + vpp an(ug +vpp') | s(ug +vpp')
0= 303 () e + )

u=1 v=1 q pp/q
SEINCAP JRELETE
= — ) el — Y Sl VA
u=1 pp/ pp/ v=1 q
Hence
(35) o Jal)vpp) A0 anpp +5=0 (mod q).
’ 0 otherwise |,
where

is the Gauss sum.



Using (33) — (35) and the estimate ~(pp') < +/pp' (see, for example,
Lemma 1.6 of [8]) we find

(36) G(t) < av/pv >, i

!
0<|s|< B5L
anpp’+s=0 (mod gq)

From (29), (31) and (36) we obtain

&Y< NqP Y Y > b

P<pp'<2P n<M1+e 0<|s|<2P?q
anpp’+s=0 (mod gq)

<N gP D st > ().

0<|s|<2P2q h<4P?M1te
ah+s=0 (mod gq)

Obviously, the inner sum is < N°(1 + P2ND™?¢') and using (1) and (3)

we get

2

o PN el P
(37) SV < NP (g4 o) < N P<§—|—ﬁ>.

From (17), (18), (25), (27), (28) and (37) we find that

1 P D?
Y(a, D NP — 4+ — 1+ —— ).
(38) (a, D) < (PQ+D2+PN)
We choose P = N==1/2D? Tt follows from (1) and (7) that the condition (8)
holds. From (38) we obtain

1
Y(a,D) < N1+6<— n

PQ i) <N

It remains to apply (4) and the proof of the theorem is complete.
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