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Lagrange’s four squares theorem with one prime
and three almost-prime variables

By D. R. Heath-Brown at Oxford and D. I Tolev at Plovdiv

1. Introduction and statement of the results
In this paper we study the equation of Lagrange
(1) A2+ =N
with multiplicative restrictions imposed on the variables.

Various proofs for the solvability of (1) in integers xi, X2, X3, X4 are known. We should
mention the explicit formula for the number of integer solutions of (1), discovered by
Jacobi. We refer the reader to the books of Hardy and Wright [7] and Hua [11], for example.

Kloosterman [16] considered the problem of the representation of large integers N by
the integral positive definite quadratic form

a1x12 + a2x§ + a3x§ + a4x2.

His method yields an asymptotic formula for the number of representations. The classical
circle method of Hardy, Littlewood and Ramanujan provides an asymptotic formula for
quadratic forms with five or more variables only.

It is expected that every sufficiently large integer N, satisfying the congruence condi-
tion N =4 (mod 24), can be represented in the form (1) with prime variables x;. This hy-
pothesis has not been proved so far. Using Vinogradov’s method for the solution of the
ternary Goldbach problem, however, Hua [10] proved that all large integers, satisfying a
natural congruence condition, are sums of five squares of primes.

Greaves [6], Plaksin [17] and Shields [18] proved the solvability of (1) with two prime
and two integer variables. Actually, in [17] and [18] an asymptotic formula for the number

of solutions was found.

Bridern and Fouvry [1] considered (1) with sufficiently large N satisfying
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N =4 (mod24) and found a lower bound for the number of solutions in integers x; with
no more than 34 prime factors each.

The main purpose of the present paper is to prove the following:

Theorem 1.  Every sufficiently large integer N, satisfying N = 4 (mod 24), can be rep-
resented in the form

(2) p2+xf+x§+x§:N,

where p is a prime and x; are integers without prime factors less than N%®V  The number
of such representations exceeds cN (log N )_4 for some positive constant c. In particular, every
such x; has at most 101 prime factors.

We are also in a position to improve slightly the result of Briidern and Fouvry from
[1]. We have

Theorem 2. Every sufficiently large integer N, satisfying N = 4 (mod 24), can be rep-
resented in the form (1), where x; are integers without prime factors less than N*°%%. The
number of such representations exceeds ¢N (log N )_4 for some positive constant c. In partic-
ular, every such x; has at most 25 prime factors.

In spite of the results of Greaves, Plaksin and Shields already referred to, there seems
little hope at present of establishing a version of Lagrange’s Theorem involving two primes
and two almost-primes. Although we can show that N — p> — ¢? is a sum of two squares,
we are unable to control sufficiently the divisibility properties of the two squares that arise.
To prove Theorem 1 we have to show that N — p? is a sum of three squares, and to control
the distribution in residue classes of these three squares. A standard application of the circle
method, with the Kloosterman refinement, is not quite sufficient for this purpose. However
by using the first author’s “square sieve” [§], we are able to take advantage of the fact that
we are considering numbers N — p? in which p? is a square, and this leads to a suitable
saving. The usual machinery of the Kloosterman refinement is needed, but it appears that,
at one point, when we consider the second estimate for E(Gy, Gy) in §3.4.6, this is insuf-
ficient. This rather technical problem is overcome by using a double Kloosterman refine-
ment. Thus, if the Farey dissection in our application of the circle method involves arcs
around the points @/q, we average non-trivially not only over the numerators «, but also
over the denominators ¢. It would seem that this is the first occasion on which such a
technique has been successfully employed to give an unconditional result.

Acknowledgements. The main part of this research was done during the visit of the
second author to the Mathematical Institute of the University of Oxford. The second author
thanks the Royal Society for financial support, the staff of the Institute for the excellent
working conditions and also Plovdiv University Scientific Fund (grant PU2-MM) for cov-
ering some other expenses.

2. Notations and some lemmas

Denote P = N'/2. Let ¢ € (0,107°) be an arbitrarily small fixed number. Let 4 > 10°
be an arbitrarily large number, which may not be the same in different occurrences. If it
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is not stated explicitly, the constants in (-terms and «-symbols are absolute or depend on
¢ and A. The letter p is reserved for prime numbers. In all sections, with the exception
of Section 5, we denote by bold style letters three-dimensional vectors. In Section 5 we
use bold style letters to denote four-dimensional vectors. We denote by (my, ..., my) and
[my,...,my] the greatest common divisor and, respectively, the least common multiple of
the integers of my, ..., my. However, if u, v are real numbers then (u, v) means the interval
with endpoints # and v. The meaning is always clear from the context.

As usual, u(n), ¢(n), t(n), v(n) denote the Mobius function, Euler’s function, the
number of divisors of n and the number of distinct prime factors of n, respectively. Instead
of m =n (mod k) we write for simplicity m = n (k). If p’|m, but p/*! ym then we write
p!llm. We denote e(2) = ¢*™* and e,(o) = e(2/q). By [tf] we denote the integer part of the
real number ¢ and let ||z]| be the distance from ¢ to the nearest integer. We use > and >

) ) ) x(q) x(q)*
to denote sums with x running over a complete system, respectively reduced system of res-

/
idues modulo ¢. If ¢ is an odd integer then by <Z]) we denote the Jacobi symbol. If

(a,q) =1 then (a ) means the inverse of « modulo ¢. If the value of the modulus is clear
from the context then we simply write @. For example, e,(a) always means eq(( ) ) For
any a we put e;(a) = 1. If U and V are positive then U < V means that U « V < U We
use [] to mark an end of a proof or its absence.

We denote by n(x, ¢, m) the number of primes p < x such that p = m (¢) and let

3) Alw.g.m) = nlx.g.m) ~ o oL

Our first lemma is a weak version of the Barban-Davenport-Halberstam theorem (see
Chapter 29 of [3], for example).

Lemma 1. Suppose that Q « x'~¢. Then we have

Y Y Alx,g,m)? < X (logx) ™ O
9=0 m(q)"

In our study we use the properties of the Kloosterman sum K(gq,m,n), Ramanujan
sum ¢,(n) and the Gauss sums y(q), S(q,a,m), S(q,a) and T(q,a). These sums are defined
by

(4) K(q,m,n) = (Z% e,(mx +nx), c,(m)=K(q,m,0),
(5) 7(q) = 1(243) (é) eq(1) (for odd integers ¢ only),
(6) S(g,m,n) = (Z) eq(mx2 +nx), S(g,m)=S(q,m,0),
(7) T(g,m) = 3 ey(mx?).

x(q)"
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If d € N3 and n € Z3 then we denote

3
(8) Sd(Q,H’l,Il) = H S(q7Mdi27ni)a Sd(é],Wl) = Sd(qvmao)-
i=1

In Section 5, however, bold style letters denote four-dimensional vectors and the definition
of Sy(gq,m,n) is different.

We also put

9) ha(q) = ¢ p(q)"! > Sila )T (g, a)ey(=aN).

In the next lemma we present some identities and inequalities for the sum S(g,m, n).
The proof of (i) is elementary. The proofs of (ii)—(vi) are available in Section 6 of [4] and
Chapter 7 of [11].
Lemma 2. The Gauss sum S(q,m,n) satisfies:
(i) If (q1,q2) = 1 then
S(q1q2, a1q2 + axqr, n) = S(q1, a143,n)S(q2, axqy, n).

(i) Suppose that (q,m) = d. We have

_ [dS(q/d,m/d,n/d) if d|n,
S(q’m’”)_{o if dyn.

(iii) 1f (q,m) = 1 then |S(q,m,n)| < 2¢'".

(iv) If (¢,2m) = 1 then

S(g,m,n) = eq(—@nz) <%) S(gq,1).
(V) If (¢,2) = 1 then

st = {1 Ta=16)

iq'? if g=—1(4).
(vi) If (a,2) =1 then
0 if =1,
S22 a)= {2’/2(1 +1i%)  if | is even,
2040/2(a/8) if I > 1 and odd. [

In the next lemma we study 7'(¢,m). Again the proof of (i) is elementary. Identities
(i1) and (iii) can be easily verified using definition (7) and Lemma 2.
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Lemma 3. The Gauss sum T (g, m) satisfies:

(i) If (q1,q2) = 1 then
T(q192,a192 + axqr) = T(q1,a1)T(q2, az).

(i) If p > 2 is a prime and (p,a) = 1 then

-1 ifl=1

(i) If (a,2) =1 then

-1 if =1,
2e(a/d4) if =2,
de(a/8) if 1 =3,
0 if >3 0O

T2, a) =

In the next lemma we present Weil’s estimate for the Kloosterman sum. The most
important case, when ¢ is a prime, was considered by Weil [21]. For the proof in the general
case we refer the reader to Estermann [5].

Lemma 4. We have

K (q,m,n)| < t(q)q"*(m,n,9)"*. O

A simple identity and an estimate for the Ramanujan sum are given below. A proof
is available in Chapter 16 of [7].

Lemma 5. We have

In particular

lcg(m)] = (g;n). O

In the next lemma we give some properties of the Gauss sum y(g). Proofs can be
found in Chapter 7 of [11].

Lemma 6. (i) For any odd integer q we have |y(q)| < q'/>.
(1) If p > 2 is a prime then y(p) = S(p,1). O

In the next lemma we present the fundamental properties of the Jacobi symbol. A
proof is available, for example, in Chapter 3 of [11].
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Lemma 7. [If g and q, are odd integers and (q,q1) = 1 then we have
. 9\ (4 la-
1 — — | =(-1)z"2,
0 @)(5) -

2 -1

il - =1,
i (2)=cn

(iid) <_—l) —(-D5. O

q

Now we shall study the function /4(g), defined by (9). For any prime p > 2 we put

ll) i p|N,
(10) ho(p) = p(p_iil) (1 N (_ITN>> it p 4 N

ZO R
(11) hi(p) = | AN 1 /1

m((?) *5(7)) A

-1 if p|N,
(12) ha(p) = <p1> NN

— <<7> N <5>> it p 4N

1 if p|N,
(13) h3(p) = 1%([)(%) +1) if pyN.

The following lemma holds:

Lemma 8. Suppose that dy,d,,ds are squarefiee odd integers and N = 4 (24). The
Sfunction hy(q) is multiplicative with respect to q. We have

0 if =1,

n_ )12 =2,

(14) ha(2") = 2 =3
0 if [>3.

If p > 2 is a prime then
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hi(p) i p/ || didods and 1 =1,
15 ha(p')y =37
(15 T AR
The series Xy, defined below, is absolutely convergent and
(16) 2o =2o(d,N) = 3 ha(q) = [T (1 + ha(p)).
q=1 p>2

Proof. The multiplicativity of /4(g) with respect to ¢ follows easily from Lemmas 2
(i) and 3 (i). Formulas (14) and (15) are consequences of Lemma 2 (v), (vi) and Lemma 3
(ii), (iii). From (10)—(15) we find that the following estimate holds:

v(q)
(17) ha(g) < 1 (<q‘14)) 6q—2 (4, N)(ddods)’.

Hence the series X is absolutely convergent and applying Euler’s identity we get (16). [

Consider the function

exp(—— 1L ifze<3 E)
wo(t) = P\ 20— 107~ 1 20°20)°

0 otherwise.

It is infinitely differentiable on the real line. Denote

(18) o(x) = wo(xP™Y),  o(x) = olx))o(x)o(x3)
and
(19) 1.0) = [ oo(xe(p +ux)dx, 1(8) = 1(5,0).

If d e N? and u € R? then we define

(20) La(yu) = ﬁllw, wd).

In Section 5, however, the definition of 7;(f, ) is different.

Lemma 9. The following estimates hold.

(1) I(B,u) < (1+ B ul™  foru=+0and for any k e N,
(ii) I(B) «min(1, |87 forany k e N,
(iif) I(B,u) < min(1, |8]"/%).

The constants in the <-symbols in (1) and (ii) depend on k.



166 Heath-Brown and Tolev, Lagrange’s four squares theorem

Proof. We prove (i) by multiple partial integration. To prove (ii) we change the
variable x> = y and then proceed as in the proof of (i). Finally, the estimate (iii) is well-
known. []

Lemma 10. (i) Suppose that u = max(|uil, ..., |us|) > 0. Then we have
o0
J= [|I(Bur)...I(B,ue)|df < u >t
— 00
(i) Suppose that v = max(|vy],...,|vs|) > 0. Then we have

f [I(f,v1)...1(P,va)| dp <« ool
Proof. We prove only (i). The proof of (ii) is similar. If u < 1 the inequality is a

consequence of the trivial estimate J « 1. Suppose that u > 1. We have J = J; + J,, where
in J; we integrate over || < u!%/? and in J, over the other . Lemma 9 (iii) implies that

L« [ prdp<u?

ul—¢/2

Now consider Ji. Suppose that u = |u;|. We take the integer k = [6e7!]. If
B < |ur|'~*? then Lemma 9 (i) gives I(B,u1) < (14 |B]*)|ur] ™ <« [uy|"=*/P*~* Therefore
J1 < \ul\(lfe/zxk“%k < |ul|72 and the result follows. []

Using Lemma 9 we see that the Fourier transform of 13(f),

21 H() = ] P (Be(-1p)dp.

is uniformly and absolutely convergent. We have

Lemma 11. The function H(t) is non-negative and infinitely many times differentiable.
It is supported and positive in (11, t2) for some t,t, such that 0 < t; < t; < 1. We have

(22) P = | He(p)dr
and
23) = [1)dp= | B @) dr

The integral
4) = [ I'e-pap

is absolutely convergent and the constant K, defined above, is real and positive.
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We also have

[o¢]

(25) _j H?(t)e(pt) dt « min(1, |B] %)

for any integer k. The constant in the <-symbol depends on k.

Proof.  The smoothness of H(¢) as well as the identities (22) and (23) are well known
facts from Fourier analysis. To prove the estimate (25) we use multiple partial integration.

Finally, we can prove the other statements by the standard technique of the circle method
(see Chapter 11 of [15], for example). []

We can now define

p x2\ dx
26 No=No(N) =P | H|] —— | —
o (—sim = (1 5)

where 7o = (1 — 15)"/* € (0, 1) and 1, is specified in Lemma 11. Obviously

P2
27 = .
(27) 0 log P

3. Propositions which imply Theorem 1

3.1. Statement of the propositions. Define

(28) G = T o)
x}x3+x7=n
=0 (d)

A formal application of the circle method suggests that the sum Q,(n) can be approximated
(at least in some average sense) by the expression

PH(nN™")

> 7Y eg(—an)Salq.a).

q=0 a(q)”
It is clear that .#,4 o(n) is always real. Denote

(30) YGa.0(n) = Qa(n) — Ma,o(n)

and consider the sum

(31) 6(D, Q) = X w(dr)t(da)t(ds) 3 |%a,0(N — k?)],

() K=P

where ) ® means that the summation is taken over squarefree odd integers d;, d>,ds < D.
(@)
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It is easy to see that &(D, Q) « P>*¢ for a large range of D and Q. This simple esti-
mate, however, is useless for our aims. To prove a non-trivial result we need an estimate of
the shape (33) for a suitable Q and for D as large as possible. This is the most difficult part
of the paper.

The following proposition holds:

Proposition 1.  Suppose that

(32) 0= pN/3  p— pYo-10:
Then we have

(33) &(D, Q) « P,

This statement cannot be applied directly to our problem because of the complicated

form of the main term. We will state another proposition, which is suitable for applying the
sieve method.

Define
(34) Zu(N) = > o).
prxi+xi+xI=N
Xi =0 (dl)

Suppose that f;(d), i = 1,2, 3, are real functions satisfying

(35) B(d) =0 if wd)=0 or 2|d
and
(36) B(d)] = <(d).
Let
B No(N)Zy(d, N)
(B A= SH ) (%(N) - W}

where X, 4 and %4 (N) are defined by (16), (26) and (34), respectively.

Proposition 2. If D = P*/91% then we have

(38) H#H(D) <« P*(log P)™".

At the beginning of the proof of Proposition 1 we will impose some simple restrictions
on Q and D only. We will impose more severe restrictions later and we will explain the final

choice (32) at the end of the proof.

For .44 o(n) to be a good approximation to Qu(n) we have to take Q sufficiently
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large. However, it becomes difficult to work with .#, o(n) if Q is too large. Now we assume
only that

(39) Q<P
The reason for introducing this restriction is that in this case we are in a position to apply
Lemma 1 with x < P. Another reason is that the exponential sum #4 o(«), defined by (52),
has a comparatively simple behaviour. This becomes clear from Lemma 16.

For D we assume that

(40) D = P* where ag € (0,1).
We note that estimates of the shape (33) and (38) with any small fixed o imply a nontrivial
result for our additive problem. The result becomes better if o is larger, so our aim is to

establish (33) and (38) with o as large as possible.

3.2. Beginning of the proof of Proposition 1. Consider the sum &(D, Q), defined by
(31). We apply Cauchy’s inequality to get

(41) &%(D, Q) « (log P)"? P&,
where
Eo =S didods 3 |%a o(N — k)|,

(2) k<P

To estimate this sum we apply the “square sieve”, developed by the first author in [8]. We
take

(42) R =P* where o € (0,1).
We shall specify the value of the constant «; later. Consider the quantity

K(n, R) = (10§RR<;§2R<N; n>>2'

PAN

If n = N — k? for some integer k € (0, P] then x(n, R) > 1 and, obviously, x(n, R) = 0 for
all n. Therefore we have

6o < Y didads Y- w(n, R)| %, o(n)|’.

(2) nez

We use the definition of x(n, R) to get

log R\* log R
(43) o@o«("g )é"l|+°g &,

R R

where
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N-—n
(44) 6 = St 5 (S0 o)
(2) (#ynez \ PP
(45) & =Y didodsy Y |Ga 0(n)].
(@) nez

From this point onwards Z means that the summation is taken over primes p and p’ such
that R < p,p’ < 2R, (pp’,(%) =1land p+p'.

3.3. The estimation of the sum &,.

3.3.1. Preparation. We use (30) and (45) to represent &, in the form

(46) & =& —267 + 6V,

where @“éi), i=1,2,3, come from the consecutive terms in the expansion
%> = Q=20 + M°.

First we shall prove that

(47) &) =S diddJ), i=1,2,3,
@)
where
(48) A = [falo)]? da,
0
1
(49) I = [ fale) Wi o(—a) da,
0
(50) 79 = i ofe) d
0
and where
3
(51) Ja@) =TT fa(@), fal@) = X o(x)e(ax?),
= A;S%d)
(52) Wa,o(a) = ZZ%,LQ(n)e(om).

The identity (47) for 6)2(1) is a consequence of the equalities

2
2. Q(n) = 2. w(x)o(y)
nez X2l =pl4yl4y?
x;,yi =0 (d;)

1
= ¥ a)(x)a)(y)fe(oc(xl2 +x3 4 x3 -yl -y - y%)) do
0

x,ye??
xi,:i=0 (d;)

=J;.
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To prove the identity (47) for @@f) we notice that

—_

Y Qi) Maon) = Y o(x)Maon)]e(a(x? +x2 +x3 —n)) da = J.
neZ neZ,xeZ? 0
xiEO(d[)

Finally, the identity (47) for (5”‘53) is a consequence of

1
X 43 o) = [ o)

nez

3.3.2. An asymptotic formula for éog). Consider the integral Jz(l) defined by (48). We
study it by means of the Kloosterman method [16]. We consider the Farey dissection of
order P for the unit interval and find that

(1) a ?
(53) W= I fd(fﬁ) ap,
where
(54) #(q.a) = [~(ala+4)) " (alg+4") "]

and where ¢’ and ¢” are defined by

(55) P<q+4q.q+q"<q+P, q+q =alq), q+q"=-a(q).

We shall find an expression for the integrand in the right hand side of (53) in which
the variables @ and £ are separated. The following lemma holds:

Lemma 12.  Suppose that q,d,be N, he Z,fe R, q < P, |f| < (¢P)"" and d,b < P*
for some constant ¢ > 0. Then for any constant y = 1 we have

fd< ﬁ) ;Z”<z (b,hd2,n)1</3N, §d>+@( Ay,

ybdg— P¢
The constant in the O-term depends on ¢, A and .

Proof. Using (51) we get

(56) fz( +ﬂ> S wldy)es(hd®)e(Bd?) = 3 ey(hd?m?)Z

yezZ m (b)

where

Zn= Y oldy)e(fd’y?).

yez
y=m (b)

Consider Z,,. We apply Poisson’s formula and use (18) and (19) to get
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(57) z w(d(m + bx))e(pd*(m + bx)?)

. [ (dm+ bx))e(d(m + bx)?)e(—nx) dx

§:|~u 5

neZ

ep(nm)]1 <ﬁN ’;2)

The absolute convergence of the last series is an easy consequence of Lemma 9 (i).
Indeed, if n # 0 then we have
< [—].
nlg

(58) (ﬂN b‘;) « (14BN (%)

Here k can be an arbitrarily large integer and the constant in the «-symbol depends on k.

We use (6), (56) and (57) to get

fd( +ﬂ> L (b, )<ﬁN ';j;)

neZ

It remains to estimate the contribution 2" arising from the terms with |n| > ybdg~' P?. We
take k = [¢7'(2c+ A +3)] and apply (6) and (58). We use the elementary inequality
Son % <o% o1 which holds true for « >0 and for k =2. We conclude that

n>ao

Z « P~ and this proves the lemma. []

We use (8), (19), (20) and Lemmas 2 (ii) and 12 to find that the integrand in the right
hand side of (53) equals

(59) qé(dlpididﬁzz T Sig.amSila—a—)
X La(BN, —Pq~'m)Is(=BN, Pq~'l) + O(P~),
where we have set
(60)  Nao(H)={neZ®: |n| <4d;HP*,n; =0 ((¢,d})),i=1,2,3},
(61) Na.q = Naq(1).

We use (47), (53) and (59) and find an expression for (9@51). Then we change the variable
BN = B’ and denote

-1 -1
(62) #'(q,a) = [-N(q(g+4") .N(glg+4") ]
We obtain
(63) & = P (dihds) ' Y g0 Y S
(2) q=P ne Ny, leNy,

X Z Sd(q>aa n)Sd(q7 —a, _1)%(”7 17 q, a) + @(PiA)a
a(g)"
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where

(64> %("717 q, a) = f Id(ﬂa _Pq_ln)ld(_ﬁ7 Pq—ll) dﬁ
B'(q,a)

Define
3

d72(mPH 2+ 12 if (n,1 0.0
65)  Adomt )= &G AT (1) +(0,0),
1 otherwise,
and let
(66)

Ad,n 1) =Ad,nl1).

We appeal to (23), (55), (62), Lemma 9 (iii) and Lemma 10 (i) to get

(67) %(n,z,q,a):{@(qu2””("’"7’)_1) if (m,1) + (0,0),

Ko + O(q*P~2) otherwise.
From Lemma 2 (ii) and (iii) we find that
(68) %J&l(% a,m)Sa(q,—a,~1)| « ¢*¢(q.d)
alq
where
(69)

o) = TN(a. )
We use (63), (67)—(69) to obtain

(70) & = a, + 0(PFy(P)),
where
(71) Uy = 10P*Y (didads) ' Y 70 Y |Sulg, @)
(2) =P a(q)”
and
72) YK=Y Y T % el

q<K (2) ne Ny, le.,/v;,_,,dldzd3/1(d,", )
It remains to estimate %. We first prove two simple results.

Lemma 13. Suppose that dy,d>,ds < D. Then we have

S Ad, 0,07 « D*P.

le J";L 1

Proof. The sum under consideration is «1 + 77 + 7> + T3, where T, is the contri-
bution from / such that |/,|d, ! = .Ir%azx3(|ll-|d[1) > (. Consider, for example, 7;. We have

173
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d? dzll> ( d311>
T) « dlr+==)(1+==) «D*P.
1 1;1§d11)f 112 ( dy d

1
This proves the lemma. []

Lemma 14. Let g < P. The following estimate holds:

> (q,d*)

< DP?.
isp d
Proof. We have

< > (¢,d)< DP’. O
d=D
We are now in a position to estimate #.

Lemma 15. Suppose that K < P. For the sum %(K), defined by (72), we have
Y (K) « KDSP™.

Proof. Tt is clear that % (K) « %' + %", where %' is the contribution of the terms
with 7 = 0 and %" is the contribution of the other terms.

Consider %" . Using Lemma 13 we get

S Adn )« Y Ad 0,17 « D>P?
1€ 70, le X,
140

and, obviously,

3 d
> 1<<P36H<1+ d )
neNgq i=1 (q7 dzz)
Now we use (69) to get

q,d?
To estimate the sum over d we apply Lemma 14 and find that %" « KD®P¢,

@' « D3 p (¢, %) d ’
reor 5 (550 ()

Consider now %’. We apply Lemma 13 with the roles of n and I reversed and get
S A(d,n,0)"" « D¥P¢. Hence
ne N,

@/ « D3P£ Z (Z (% d2)>3-

g=k\dizp d

Now we use Lemma 14 again and obtain %’ « KD®P*. This proves the lemma.
From (70) and Lemma 15 we obtain

O
(73)

& =, + 0(P** D).
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3.3.3. An asymptotic formula for é‘)(zz). Consider the integral J. (2), defined by (49).
Using the Farey decomposition of order P of the unit interval we get

(74) PRI S| fd(hﬁ)m,g(—?—ﬂ) ap.
4=Pa(q) B(q,a) 4 q

As in the previous section, we first separate the terms involving @ and . For f; we apply
Lemma 12. To deal with %7 o we use the following

Lemma 16. Suppose that Q < P, |f| < (¢P)"" and (a,q) = 1. Then we have

3
ao(45) = it o B L) a0

(P if Q<q<P

Proof.  We use definitions (29) and (52) of .#4 ¢ and 4 o, respectively, to get

X P
%,Q< +ﬂ) S oa S Sulqr,a)®
d1d2d3ql<Q a1(q1)*

n a a
o= H(=)e ———+/~3>n .
nZG:Z (N> <<q q1 >
We apply the Poisson formula, change the variable in the integrals and then apply
Lemma 11:

where

meZ —oo q

(o))

We may suppose that 0 £a <¢g—1and 0 < ag; < q; — 1. In this case we have

D—NY TH(x)e((g—%+ﬂ—m)Nx> dx

___+ <1__
q q ﬁ'

We apply Lemma 9 (ii) and easily find that the contribution to ® coming from m + 0 is
oP1).

Consider the term corresponding to m = 0. Suppose that a/q & a;/q;. We have

- N N
<ﬁ_ﬂ+ﬂ)N'gW BNz Tz 5P
1

|I\/

1
q q q91 2

We use Lemma 9 (ii) again and find that in this case I° ((g - % + [3) N ) < P,
1
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If Q < g < P then there is no fraction a; /¢, equal to a/q.

If ¢ < Q then there is exactly one fraction a;/¢; equal to a/q, namely a; = a, ¢ = q.
This proves the lemma. []

Using (39) and Lemmas 12 and 16 we find that if ¢ < Q then the integrand in the
right-hand side of (74) equals

6
m Z‘ Sd(qvaan)Sd(q,_a)ld(ﬁN,—Pq_ln)IS(_ﬁN)_|_(9,(P—A>'

If Q < g < P then the integrand is O(P~*). Hence, using (47), (64) and (74) we find

&) =Py (didd) Y g0 Y Y Salg,a.m)Salg,—a)Ta(n,0,g,a) + O(P~),

) 4S0  neday alg)

Now we use (67)—(69) and Lemma 15 to get

(75) ) = w5 + 0P D°),
where
(76) U3 = 10P*S (dvdads) ' S g0 [Sulq, )|’
(2) 40  a(g)”

Let us compare %, with %, defined by (71). We use (68), (69), (71), (76) and Lemma 14
to get

(77) U = U5 < Py (dvdods)™ Y ¢ Y [Sulg,a)l
@ 0<7=P aq)

< P (didods) ™ Y q (g, d)

(2) O<q=P

- (g.d%)\
<P*Y ¢ 2(2 T)

Q<q<P d<D
« P4+38D3 Z qu « P4+38D3Q71‘
0<¢
Formulas (75) and (77) imply

(78) Y =, + 0((PPD° + P*D*Q ") P%).

3.3.4. An asymptotic formula for 6’;3). For the integral J. (3), defined by (50), we have
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rfs 1)

Using (39), (47), (79) and Lemma 16 we obtain

(79) = | “ap.

4=Pa(q)” A(q,a)

(80) 6 = PO (didhds) ™' Y ¢°
(2) q=0

< Y [Sa(g,a)* [ [I(BN)*dp+ O(P~).
a(q)” B(q,a)

Now we change the variable in the integral and use (64) and (67). Then we proceed as in
the previous section to get

(81) &%) = az + (P D)

=+ O((P°D® + P*D3Q~") P%).
3.3.5. The estimate for &>. From (46), (73), (78) and (81) we obtain
(82) & < (P°D® + P*D?Q 1 P%,

Consider the inequalities (41), (43) and (82). It is clear that in order to obtain (33) we
must impose further restrictions on D, Q and R. From this point onwards we assume that

(83) D < RV/6p10:  pli2epip-l < o
3.4. The estimation of the sum &;.

3.4.1. Preparation. Consider the sum &, defined by (44). We represent it in the form
(84) & =6 267 46,

where 5’1([) are the contributions of the consecutive terms from the expansion
%> = Q> =204 + .

First we shall prove that for the sums @@1(1‘) the following formulas hold:

; / Ky i .
85) o = SV hads 5 (e, 1= 1,23
@) PP () s(pp)” \PP

where y(pp’) is the Gauss sum, defined by (5), and

1
(86) JV = 6[ fu (a + p;,) fu(—) da,

1
(87) J2 = b[ fu (oc + ﬁ) Wq o(—) da,
(88) I = 2 M} p(m)epy (sn).

ne”Z
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Consider the sum é”{l). We have

N —
(89) &V =S Y didods 3 (—) Q3 (n)
@) (2) pp

neZ

=3 > dldzdsrl(l),
@ ()

say. Obviously, (28) implies

N — (x? 4+ x3 +x§)>

M-y w<x>w<y>< =

X
xi,yi=0 (d;)

Using (51) and taking into account the elementary properties of the Gauss sum y(¢q) we get

1
(90) itV = —

< : )

!/

[<ppl) pp X]2+x22+x§:ylz+y22+y§
X+x3+x3 =N=1 (pp”)

w(x)o(y)

X1,y =0 (d;)
[
=2 2 ox)o(y)
I(pp’) pp x.,yeZ3
X, yi=0 (d;)

1
X fe(oc(xf +x§ +x§ —yf —y% —y%)) do
0

=L (L) 5 emtot- )

(pr")

y(pp") ( S > (1)
= e (=N,
pr’ S%y ppr) N

where Jl(l) is defined by (86). From (89) and (90) we obtain formula (85) for @@1(1).

Consider &?. We have

N —n
(91) & = (z}) g)dldzch ZZ( - )Qd(n)/%,,,g(n)
=>> dld2d3r1(2)v
# (@)

say. Furthermore

9 - () udaen = T ()0
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say. Obviously
Q" = > w(x) Mg o(n).

nezZ,xe 73
x?xZ+x2=n=N-I (pp')
=0 (d;)

By the previous formula and (51), (52) we obtain

—_

O = Y w(x)Maon)fe(a(x] +x3+x3—n))da

neZ,xel? 0

xi=0 (d;)
1
— D ey (S(xl + X5+ x5 — N +1))
pp s(pp")

1 @

=— ey (s(I —N))J,”,
pp's(%r 174 ( ( )) 1

where J is defined by (87). It remains to substitute this expression for ®@* in (92) and to
change the order of summation over [ and s. The Gauss sum y(q) appears again. We use
(91) and obtain formula (85) for (5

Consider £. We have

93) = =¥ (B 21) 43 o0

nezZ

= 3 didyds T,
#)(2)

say. It is clear that

4 _ i 2
o =3 (5) T o)

pp z
n=N-I(pp’)
= > <L> M3 o (n 1 > e (s(n— N +1))
I(pp") pp') ner 4.0 pp/s(pp/) "
y(pp") ( s > 3)
= ey (—sN)J; ™,
pp/ s(]%a:’ pp/ PI?( ) 1

where Jl(s) is specified by (88). From (93) and (94) we obtain formula (85) for @@1(3>

3.4.2. The sum é”’fl). In this section we will establish the asymptotic formula (109).
Its remainder term, however, is still a complicated expression which we shall estimate later.

Consider the integral Jl(l), defined by (86). We represent again the unit interval as an
union of Farey arcs

U U #lg,a) +a/q),

g=Plza=q
(a,q)=1
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where #(q, a) is defined by (54). We decompose further the set of integration according to
the size of (app’ + sq, qpp’). We note that (app’ + sq, qpp’) | (pp’)2 and find

95) V=¥ %

3| (pp')? 4=F
< g aGee)a(ir) e

(app’+sq,qpp") =0
We use Lemmas 2 (ii) and 12 to see that the integrand in the last formula equals
Pos’
3 DY 2.
q¢(pp’) " (dvdods)” we vy (R 1€ N0y

!/ !/
X Stl <%a%+sqan> Sd(q7 —da, _l)

(96)

Po P
x Ig( BN, ———n |I;( —BN,=1) + O(P~),
d(ﬁ qpp’)d<ﬁ Q> il
where the sets A ,(H) and Ay , are defined by (60) and (61), respectively.

Some care is needed with the modulus of the congruence in the deﬁmtlon of Na (H).
According to (83) we have d; < D < R"/% < p, p'. Thus, since 6| (pp’)*, we have

(app's~", (app’ + sq)0~'d?) = (qpp's~", d?) = (q.d7?).

It follows that the modulus of the congruence occuring in the definition of .4 ,(H) may be
taken to be (¢,d?) instead of (qpp'd~", d?).

We use (85), (95) and take into account the expression (96) for the integrand. In this
way we find a formula for ﬁ( . Then we change the variable BN = " and use (62) to obtain

1 53
g = pis 22
1 @ (pp")* (@) 5| (2 a=p dr12dsq®

s
SR N v ol A PRIEIR >
ne Ny (R0 leNay s(pp')” pr' a(q)
(app’+sq,qpp") =0

!
<] s (‘”’" M,n)sm,—a,—l)

*

0
><Id< , qii/;:)l,,(-ﬁgl) dp + o(P~).

We decompose éal(l) as follows:

(97) sV =u+v + 0P ).

Here % 1is the contribution of the terms with n =1 = 0 and ¥~ is the contribution of the
other terms.
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Consider 7. We change the order of summation over ¢ and integration over f.
Using (62) we conclude that in the new expression for 7~ the domain of integration is
{|p] £ Pg~'} and we sum over a satisfying the previous conditions and such that @ belongs
to a set .oZ(q, f§) of residues (mod g). There is no restriction on a if || < P(2q)71. For the
other S the set .<7(q, ) is not necessarily a complete set of residues modulo ¢, but we have

(98) > o= > a(vq,p) > eq(av). ..,
a(q)” —q/2<v=q/2 ag)*
(app’+sq,qpp") =0 (app'+sq,qpp') =0
aes/(q,p)

where the function ¢ satisfies

(99) (0,4, 8)] << (14 o)™
Detailed explanation of this technique can be found in Section 3 of [9], for example.

Lemma 10 (i) and (65) imply that if (n,7) & (0,0) then
o0 PS P q2P2£72

100 Li\p,——n || —p,—1)|df <« ————.

(100) l; d<ﬂ qpp’ ) d( 4 q )‘ p Ad,n 1, R257")

We use (98)—(100) and Lemma 6 (i) to get

(101) V=0(17),
where
53
102 oy = pPERTT S
( ) Z Z) 5\% qu d1d2d3q4

3 |\W(d,n,1,p,p',q,0,0)|
ne Ny (R2") le Ny M<P(1 +| |) (d,n,l,R25*1)

and

(103)  W(d,n1,p,p'.q,0,0) = z (p;) eppr(—SN)
s(pp’

_ "app’ +s
X > eq(av)Sq (q%p,ppéq,n) Sa(g,—a,—1).
alq)”

(app’+sq,qpp") =0
Consider %. We represent it as
(104) U= +U",

where in %’ the integration is taken over the subset {|f| < P(2¢)"'} of #'(¢,a) and,
respectively, in %" we integrate over #'(¢,a) ~ {|f| > P(2¢q)"'}.
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Consider first %”. We change the order of summation over a and integration and
proceed as in the treatment of ¥". We apply the simple estimate

(105) [ (B)°dp < ¢*P?

B> P(2q)”"

and use (65) to establish that
(106) A" = O(V).

Consider now %'. In this case the set of integration does not depend on a. We extend
the domain of integration to the real line. Taking into account (23), (65) and (105) we find
that

(107) U= U+ OV,

where

Z W(d,0,0,p,p'.q,0,6)
g<P ddrd3q° .

(108) =S )5 5
%‘(PP) (2) 5| (pp

?

From (97), (101), (104), (106) and (107) we obtain

(109) eV = + o).

3.4.3. The sum (50{2). In this section we shall establish the asymptotic formula (111).
The main term in it coincides with the main term in (109). The remainder terms are com-

plicated expressions and we shall study them later.

Consider the integral J, <2), defined by (87). We decompose again the unit interval as
in the previous section and find that

(110) J7= ¥

ol (pp')* ISP
X > J fd( ++ﬁ) dQ(——ﬁ)
a(q)” B(q,a) pr' q

(app’+sq,qpp") =0

To deal with f; and #4 o we use Lemmas 12 and 16, respectively. We conclude that if
¢ < Q then the integrand in the right-hand side of (110) equals

i > S (_‘”’1” app’ + 59 ,,) Sulq.—a)
qé (pp/)3(d1 d2d3>2n€‘/1/;1‘(/(R2571) J 0

P N5 I
><1,,< o )1( BN) + O(P~).

If Q < ¢ < P then the integrand is ¢(P~4). From this observation, (85) and (110) we find
an expression for é"l(z). We change the variable in the integral and obtain
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/ 53
@@1(2) _pt y(pp") >

@ (p0")* @) 5| oy a=0 Dr2dl3q°

S
< L w (De-w) T
ne Ny (R s(pp')” \PP a(g)"
(app'+sq,qpp") =9

" app’ + s
% J~ Sy qpp ’ pp 517” Sd(q, _a)
#'(q,a) J J

Po
X Id <ﬂ7 - ;
qpp

n) (=B dp+ O(P~™).

Proceeding as in Section 3.4.2 we find that the contribution to @@1@ from the terms
with n % 0 is O(77"), where 7™ is defined by (102).

Let %* be the contribution to 51(2> from the terms with n = 0. Arguing as in Section
3.4.2 we see that #* = U™ + O(7""), where in %™ the integration is taken over the real
line.

Let us compare the expression ™ with %, defined by (108). The only difference is
that in the first one we sum over ¢ < Q, whilst in the second the summation is taken over
g < P. Hence we have

(111) &Y = + o) + 0D,
where

(112) D'=P'RTYY O
(R) (2) 5| (pp")?
0’| W (d,0,0,p, p',q,0,0)|

8 by didrdsg® ’

min(Q, 0d(pp") "' )<qg<P

and where W is defined by (103). Here we have defined D* with a longer range of sum-
mation for ¢ than is needed at this point. We do this because we shall encounter, in the next
section, an error term whose estimation will involve the sum D* as defined above.

3.4.4. The sum (5){3). The object of this section is to establish the asymptotic formula
(121). The main term there coincides with the main terms in (109) and (111). The error
terms in (121) are complicated and we shall estimate them in the next sections.

Consider the quantity J () defined by (88). We use (29) to get

2
r > (qi1g2)”

(113) A
l (d1drds)* 1. n<0

a S [4)
X Z Sd(QZ,_az)Sd(qh—al)B(—l{-_/_F_z)’
ai(q1)",ax(q2)” q1 pp q9
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where

(114) Bs) = X 123 ) et

neZ
We apply Poisson’s summation formula to obtain

Bla)=P>Y [ H(t)e((x - k)N dt.

keZ —xo

Now we use Lemma 11 and after some standard calculations we find that
koP?+ O(P~1) if e,
115 B(a) =
(115) ={etr i 2] = P2,

Using (85) and (113) we find an expression for é”lm. Then we take into account (115) to
obtain

(116) 6P =D+ E+ o),

where D is the contribution of the terms with —+—+— e Z and E comes from the
@1 pp' @
+— + < P2,

terms with 0 < ‘
9 pr @

Consider E. We have

where

7 = - 2 Ve, (—s
1) 7= % (an) z)@w)m< )

9,220 s(pp")*

a N a
x 2 Sd(%—al)Sd(Clm—az)e(n<—l+—,+—2>>.
ai(qr)”,ax(g2)" @ pp

| <P*?

0<|[sb 4242

Therefore we have
(118) E=0(E"),

where

(119) E* =P R'S S\ (didods)™ Y |7
() (2)

0<n<N



Heath-Brown and Tolev, Lagrange’s four squares theorem 185

Consider D. If we denote (a1pp’+sqi,qipp’) =0 then it is easy to see that

5HWthwm®M€Li%+%ezmw%mm@:%mgqmd
1 2

ay = —(arpp’ +sq1)0" (2)

and consequently

"aypp’ + s
Sd(qz,—az) _ Sd(%gl) ’ 1PP5 Q1>'

We use this observation and (115) to get
!
D:mﬁzﬁg%z >
@ (PP")" (@) 51 ()

3 W(d,0,0,p,p',q,0,0)
didrdsqb

X 3 +O(P1).

g=min(Q.00(pp")™)
It is now clear that
(120) D = +0(D"),
where % and D* are defined by (108) and (112), respectively.
From (116), (118) and (120) we obtain
(121) &% = + 0(D*) + O(E*).

3.4.5. The estimation of ¥™* and D*. We use definitions (102) and (112) of ¥™* and
D*, respectively, to get

(122) VLI I+ Vo + Vo + V22,

(123) D* « Dy +Dy+ Dy + Dppr + D2y + Dy 2,
where 75 and Dy are the contributions coming from the corresponding values of 6.

The estimations of 7 and 7/, are the most difficult because the domain of summation
over n is largest in these cases. The other terms from the right hand sides of (122) and (123)
are much simpler.

Two more lemmas. Consider the function

(124> ®(d7 n, la q, h7 U) = Z eq(av)Sd<qa ah27 n)Sd(qa —da, _l)
alg)”

To emphasize the dependence of ¢ we will write also ®(g) for simplicity.
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Define

3. (d d2d3)

(125) 5 =n(d,n,1 h,v) = (2hdd>d3)*v + Z (h*1* — n?).

l

The following lemma holds:

Lemma 17. The function © is multiplicative with respect to q. Suppose that d,,d>, d;
are squarefree odd numbers. If (h,2) = 1 then ©(2%) « (2)*. If (¢,2h) = 1 then

(126) 10(q)| < ¢°(¢¢(q,d),n(d,n,1,h,v)).

Proof.  First we note that if (¢1,¢92) = (a1,41) = (a2,42) = 1 then the following sim-
ple identity holds:

(127) €q1q ((‘”@ + aqu)m) = €q ((aqu)m)eqz ((aquz)m).

The multiplicativity of ® with respect to ¢ is an easy consequence of (127) and
Lemma 2 (i). If (h,2) = 1 then the estimate ©(2%) « (2%)* follows from Lemma 2 (iii).

It remains to prove (126) provided that (¢,2/4) = 1. It is enough to establish that for
any prime p 4 2h and for any integer & we have

(128) O(p")| < p* (pFe(p*.d),n).

We may suppose that n;,; =0 (( Pk, diz)) because otherwise, according to Lemma 2 (ii), we
have ® = 0 and (128) is true.

Let d; = p*ie;, where pfe. Then w; =0 or ;=1 and (pk d?)=p", where
v; = min(k, 2y;). Let n] = n;p~" and I/ = [;p~"". We have by Lemma 2 (ii) and (iv)

e(p") = i[(( ;1h>p2”"S2(p"”",1)>p(p"),

where

PP = X el IT ey ([@aed) oo, (17— T o))

alp") -]

Applying Lemma 2 (iii) we get

(129) ©(p")| < pHrrtsp(ph).

Consider p(p ) It is easy to see that if p ¥ A then e (( ) ) =e kﬂ‘(@pkﬂ,).
Hence

p(pf)= 3 e k<av+ > p"(4aed) . (I - (’1_2),,1an2)>.
a(pt)” vl,<k
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We can already drop the condition v; < k from the domain of summation of the inner sum
because the terms with v; = k do not contribute to p(p¥). We obtain

PP = 5 e ((a2hereres) ') = )

where c,(n) is the Ramanujan sum, defined by (4), and

/ 2 5 2 201272 12
n' = (2hejeze3) v+ > p'(ejere3) e, “(h“l” —n;”).

1 1
i=1

Lemma 5 gives

(130) (") < (P 1")-
Therefore using (129) and (130) we get

|®(pk)| < p3k+v1+v2+V3 (pk, 17/) — p3k(pk+v1+vz+1’3, ’7//)’

where " = p"itvtiy/

If k = 2 then v; = 2, and 5" = 5, so the inequality (128) holds.

Consider the case k = 1. Now v; = 1, and we have

(131) 1O(p)| < p(p'Hatetes yy < pd(plHateetss py,

where

3
n" = prtisy” = (2hdidyds)*v + Y- pti(didads)d; (BP1F — n?).
=

It is easy to see that p!Tttis | (" — p), whence
(132) (pl+ﬂl+ﬂ2+ﬂ3’;7”/) — (plﬂllﬂlzﬂlsﬂ,/).

Using (131) and (132) we conclude that (128) is true for k =1 as well. The lemma is
proved. []

Lemma 18. Suppose that H is an integer such that R < H < 4R? and let

(133) IH)= > 22

dy,dr,ds <D q<PHR- |o|<P

(9¢(q,d),n(d,n,1,H,v))

>< " .
() 1675, 941 dads (1 + [v])A(d, n, 1, H)

~
neANgq

The following estimate holds:

(134) 9(H) « (PH*R* + H*)DSP'*,
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Proof. We have
(135) 9(H) <9 +9",

where 2 is the contribution of the terms for which #(d,n,I, H,v) = 0, and 2" is the con-
tribution of the other terms.

Consider 2”. In this case the quantity 7* = &(q, d)_liy is a non-zero integer because n
and [ satisfy the congruence conditions imposed in the definitions (60) and (61) of A7 ,(H)
and A 4, respectively. It is easy to see that >~ (¢,7*)g~' « P®. Hence, using (69), we

get g<PHR™
hihahs
136) 9" «
( dl»dzvzﬂ;séD niaz didads
i=1,2,3
1 *
x 3 Y Mdanl H)'Y 5 (4,7")
med e i pzpl 0l <prre 4
n+0 (‘Ld,»z):h,
i=1,2,3
< P28%’
where
hhoh
H = 1232 Z/l(d,n,l,H)*l
di,dy,ds <D py|d? d1d2d3"€y4’"*lev/t/;,,l
i=1,2,3
and
N ={neZ’: |nj| £ 4d;HP*,n; =0 (h;),i =1,2,3}.
We have
(137) oy awa

where s’ is the contribution of the terms with / = 0 and s#” is the contribution of the
other terms.

Consider #"”. According to (65) and Lemma 13 we have

S adnLH) '« Y Ad, 0,17 « D3P
le Vg le Ny
1+0

Our assumption (83) implies that D < R'Y® and we also have R < H. Thus
h; < afl-2 < d;D £ d;H, and we easily get

didrds
hihyhs

S 1« HP*

ne N
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Therefore
(138) H" <« HDOP®,

Consider #”. First we estimate the quantity

B=S Md,n0 H)"

nei*
We have

B <1+ B+ B> + HBs,
where 4, comes from the terms with |n,|d, ! = 'n}azx3(|nl-|df ) > 0. Consider, for example,

%, . Using again the inequalities D < R'/% and R < H we obtain

d2 dzl’ll d3n1 d1d2d3
B, « H? —1(1+ )(14— ><<H3P6 .
l l<m glePe n? hydy hady hihyhs

n =0 (h)

Obviously, the same estimate holds for % as well. Therefore

(139) H = ¥ Mhahs o g3 p3p,

di,dy,ds <D py|d? didyds
i=1,2,3

The estimates (136)—(139) imply
(140) 9" « H*D®P%.

Now consider 2’. We have

(141) D> v dad),

)
di,dr,d3£D ¢g<PHR? d\drds

where

-1
=y ¥ 3 ((I+hidnlH)".
| <P leNqy ne N (H)
n=0

We divide Z into two parts:
(142) X=a"+2"
where 2 is the contribution from the terms with / = 0 and Z” comes from the other terms.

Consider 2. Using (65) we get

\ _ A (d,l,q,H,v)
7" « ad,ont s 2
2, MO 0 T

where 4" is the number of n e Ay ,(H) such that n(d,n,l, H,v) = 0.
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Let us estimate . There are O(HP%d, (q,dlz)fl) admissible values of nj. If
d,l,H, v,n are fixed then the equation # =0 determines at most (/(P?) pairs ny,n;3.
Therefore

A (d, 1, q, H,v) « HP*d\(q,d*)™"
and, according to Lemma 13,
(143) 2" « P¥D3Hd, (q,d?)".

Consider 2. The contribution to 2’ coming from n =0 is ¢(P¢). Using (65) and
(125) we conclude that if n+0 and #5(d,n,0,H,v) =0 then we have v >0 and
Ad,n,0, H)" « v~!. Therefore

(144) 2 <P+ > zfz,%/(d,ﬁ,q,H, v) « HP*d, (g, dlz)fl.

1<v<P

From (141)—(144) and Lemma 14 we obtain

(145) 7' « P HIDOR2,
The estimate (134) is a consequence of (135), (140) and (145).

This completes the proof of the lemma. []

Consider 77 and D;. We use (102), (112) and the definitions of 7] and D, given at
the beginning of this section. We note that if (a,¢q) = (s, pp’) =1 then the conditions
(¢, pp") =1 and (app’ + sq,qpp’) = 1 are equivalent. We impose the first of these condi-

tions in the domain of summation over ¢ and omit the second from the domain of sum-
mation over a. We obtain

(146) Vi < PPERTIS S (dvdhds)™ S ¢
) (2) g=P
(q,pp")=1

|[Wi(d,n,L, p,p',q,0)|
x XX X
nedgi(R2) 1e7sy [=p (1 +[0])A(d, n,1, R?)

and

|Wl (daoaoapapla(’L 0)'
qd\drd; '

(147) D < PR %
(@) (Z) 0(pp') ' <q=P
(¢,pr")=1

where
N
Wl(danal)papl,Qa U) - Z <—,>epp’(_SN)
s(pp")” \PP

x > eq(av)Sa(qpp’,app’ + sq,n)Sa(q, —a, —1).
a(q)”
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We apply Lemma 2 (i) and (iv) and find that
(148)  S(app’, (app' + sq)d},mi) = S(q,a(pp’)*d?,m;)S(pp',sq°d} ,m)
s -
= S(g,a(pp")*d?,n;)S(pp', 1) <ﬁ> eppr (—(dsq>dP)n?).

Therefore, using (4), (8), (124), (148) and Lemmas 2 (iii) and 4 we find

3
(149)  Wildim L, p, p'oq.v) = S (pp, 1>K(pp’, N, —<4qz>z<df>n?)
i=1

x O(d,n,l,q,pp',v)

< RYO(d,n,1,q,pp’,v)|.

We represent each g < P, satisfying (¢, pp’) = 1, in the form g = 2%¢, where (¢,2pp’) = 1.
Hence, using Lemma 17, we get

(150) O(d,n,l q,pp',v) < 244 (¢¢(t,d),n(d,n,1,pp',v)),
where ¢ and # are defined by (69) and (125), respectively.

Obviously (¢,d?) = (t,d?), hence using (60) and (61) we get

(151) N g(R?) = Nai(RP),  Nag= N

Formulas (149)—(151) imply

\Wi(d,n,1,p,p',q,0)]
152
( ) qu nev/l%(Rﬂ le;ﬁ[_q q4i(d7n7la RZ)
(¢,pp")=1

<R'Y Y %Y OO ((r.d), n(d,n,1, pp',v))

2
22SP 1SP2 ney,(R?) leNa, t(d,n,l, R?)
(t,2pp")=1

<RP T > (¢¢(q.d),n(d,n,1, pp',v))
=P neNy (R leNiy qi(d,n,1, R?)
(g,pp")=1

From (133), (146) and (152) we obtain

,Vi « P2+38R—3(Z) 9(pp/)

Now we apply Lemma 18 to get
(153) 71 « (P°R+ P*R%)DOP'™,

The estimation of D; is much easier. We use (124), (149) and Lemma 2 (ii) and (iii) to get
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Wi (d7 07 07 p, p/v q, 0) < R4q4é(q7 d)

We substitute this estimate for W; in (147). Then we apply Lemma 14 and after some cal-
culations we obtain

(154) D) « P*071D3R,

Actually, a stronger estimate for D, is available because in this particular case the Kloos-
terman sum reduces to Ramanujan’s sum. This improvement, however, would not have
any influence on our final result.

Consider 7, and D,. We use (102), (112) and the definitions of ¥, and D,. If
(app’ + sq,qpp’) = p then p|g and p’ ¥ ¢, so we impose these conditions in the range of
summation over g. As p’ ¥ app’ + sq and (ap’ + Siﬁ) = 1 we can relax the condition on

q pp
ato <ap'—|—s1;,p) = 1. We put ¢ = rp and get

(155) ¥y < PPERSS S (dydyds) ™! r
) (2)

|Wa(d,n, 1, p,p',rv)]|

DD DY

ne v (R) teda, =p (1+[v))A(d,n,1,R)

and
W>(d,0,0 " r0
(156) Dp <<P4R_IOZZ Z | 2( ) 67d>dp;ipvr> )|7
(%) (2) Q(pp') ' <r< PR rrayaxds
(r’p’):l

where

S
Wz(d, n, lanP/a r, U) = (Z)* (ﬁ) ePP/(_SN)
s(pp’

X S ep(av)Sq(rpp’,ap’ + sr,n)Sy(rp, —a, —1).
a(rp)”
(ap’+sr,p)=1

We represent each r < PR™! satisfying (r, p’) = 1 in the form
(157) r=rort,

where
(158) ro=2% r=pf (1,2pp") =1.

We note that

(159) Nar(R) = N (R),  Nay= Na.



Heath-Brown and Tolev, Lagrange’s four squares theorem 193
It is clear that the set
(160) {ep" +cpre(p)’,d'(p')}
is a reduced system of residues modulo pp’. Similarly, the set
{aori pt + ayrot + brorip = ag(ro)*, ar(r1p)”,b(1)"}
is a reduced system of residues modulo ror; pt = rp.
It is easy to see that if s = ¢p’ + ¢'p and a = agry pt + arrot + brory p then the condi-
tion (ap’ + sr, p) = 1 is equivalent to (a; + cry, p) = 1. From these observations, (127) and

the elementary properties of the Jacobi symbol we obtain

(161) W2(d’”)lapvp/ar0rlt7v)

G555 () Gt emeten

X ey, (Wv)er]p(al(rot)zv)et (b(rorlp)zv)S'S”,
where
S’ = Sa(ror1ptp’, (aor1 pt + ayrot + brori p)p’ + (cp’ + ¢'p)ror11,n)
and
S" = Su(ror1pt, —(aori pt + airot + brori p), —1).
We use (8) and Lemma 2 (i) to get
(162) S" = S4(p’, c'(rorlpt)z,n)
X Sd(ro,ao(rlptp’)z,n)
x Sq(rip, (a1 + crl)(rotp’)z,n)
x Sq(1, b(rgrlpp')z,n)
and
(163) S" = Sq(ro, —ay(r1 pt)?, —1)
x Sa(r1p, —al(rot)z, -1)

X Sd(t, —b(?’oﬁp)z, —1).
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From (124) and (161)—(163) we get

/
(164) wudeJaﬁmwuw>:(%)(§>wgwfwwwwfa

where
C/
WZI = Z . (?) e]’/(_C/N)Sd(p,7 C/(”Orlpt)za n)7
WZ(O) = ®(da n, l) ro, P/’ U)a

1 c 2
Wﬁzz(JMwm S enpla(on)
e(p) \P ai(rip)’
(ar+cry,p)=1

X Sd(rlpv (Cl] + Crl)(rotp/)zan)sd(rlpa _al(r01)27 _l)’

Wz(z) =0(d,nl 1t p'v).

From (4), (8) and Lemmas 2 (iii), (iv) and 4 we get
3 -
(165) Wy =S(p', 1)K<p', -N,-Y" 4(r0r1ptd,~)2niz> « R%.
i=1

Applying only (8) and Lemma 2 (iii) we find that
(166) Wi « R,
Finally, Lemma 17 implies
(167) WZ(O) «<rd
and
(168) Wi « 2 (1E(t,d), n(d,m,1, p',v)).

Taking into account (157)—(159) and (164)—(168) we obtain

|W2(d>na 17p7p/ar7 U)|
(169) )IEEED DY
r<PR™' me Ny, (R) leNy, r*i(d, 1, R)
(r,p")=1

NI RPIEED VD DN

20<P pf<P t<PR' ne Ny, (R)leNg,
(1,2pp")=1

R RN P (1 d) y(dom 1 p' v)
(22pF1)*3(d. .1, R)

<<P'5R7 Z Z (qf(q,d)’”(dm,l,p’,v))

g<PR ' ne Ny (R) e Ny, q/(d,n,l, R)
(g,p")=1
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From (155) and (169) we get

V5 < PR 9(p),
@)

where Z(H) is defined by (133). It remains to apply Lemma 18 and we find
(170) ¥, < (P°R+ P?R*)D° P

The estimation of D, is much simpler. For any r satisfying the conditions imposed in
(156) we have

(171) Wi(d,0,0,p, p’,r,0) « R'r*¢E(r, d).

To prove this inequality we first represent r in the form (157), where rg,r,¢ satisfy
(158). Then we use formula (164), inequalities (165)—(167) as well as the inequality

W2(2) « t*¢(t,d), which is a weak version of (168). The estimate (171) follows.
From (69), (156), (171) and Lemma 14 we obtain
(172) D, < P**Q7'D*R.

Here again a sharper estimate is available, but this is of no importance for our result.
Consider ¥,. and D,.. If (app’ + sq,qpp’) = p* then plg, p*¥q., p' ¥q. We put

g =rp. The condition (app’+ sq,qpp’) =p* is equivalent to ap’+sr=0 (p) and,
obviously, Ay 4 = Na,. We use (102) and (112) to get

(173) Vo < PPPERDY S (didhds) ™ Y
(%) (2) r<PR!
(r.op")=1

« ’W3(d7nal7p7p/7rvv)|
D D S (T

neNg,le Ny, [v|<P

and
_ W3 d70707 ’ /’r’O
(174)  Dp<PR7YY % LEL o dpd” iy
(#) () Q(4R) ' <r< PR rraaas
(r,pp")=1
where

S
W3(d7 n, l7p7p/7r7 U) = (Z)*(pp,)epp’(_SN)
s(pp’

x X ep(a)Salip’, (ap' + sr)p" ) Sa(rp, —a, ~1).
a(rp)”
ap’+srsz (p)
We use (69) and Lemma 2 (ii) and (iii) to get

(175) Wi(d,n, 1, p,p',r,v) < r*RE(r,d).
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From (72), (173), (175) and Lemma 15 we obtain
(176) Yy « PPPER* Y (PR™) « PPH%“RDS.

To estimate D> we apply (174), (175) and Lemma 14. We get

177 D ) K P4+3£ 71D3R.
( P
Consider 7, and D,,. If (app’ + sq,qpp’) = pp’ then pp'|q. We put ¢ = rpp’ and
find
(178) Vopr < PPERTY N (dydydz)™" S 1
@ (2) r< PR
|Wa(d,n,1,p,p',r,0)
DD DY : :
nedy, terq, p=p (1 +[v)A(d, n,I)
and
(179) D,, <« P*RBY S 3 |Wa(d, 0,0, p, p',1,0)|
" (%) (2) Q(2R)<r< PR2 rod,dyds
where

N
W4(d7na lup7p/7 r, U) = (Z)* <pp/> ePP’<_SN)
s(pp’

x > eyy(@v)Sa(rpp’,a+sr,n)Sa(rpp’, —a, —1).
a(rpp’)*
(a+sr,rpp’)=1

Using (69) and Lemma 2 (ii) and (iii) we get

(180) Wid,n, 1, p,p',r,v) <« R*E(r,d).
From (72), (178), (180) and Lemma 15 we get

(181) Vo < PPPERIY(PR7?) « PPHORDS,
Similarly, using (179), (180) and Lemma 14 we obtain

(182) D, < PY¥Q07 DR,

Consider 7,2, and D,,. If (app’ +sq,qpp’) =06 =p?p’ then the conditions
n;| < 4d;R*~' P# imply n = 0. We have also pp’ | ¢, p> ¥ q. We put ¢ = rpp’ and find

(183) Vyop < PPEROS S (didods) ™ Y 1
(#) (2) r<PR?
(r,p):l

X E |W5(d7lap7p/7rav)|
le g, [P (1 + |U|)ﬂ(d,0,l)
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and
’WS(daovp)p/vrv 0)’
76d1d2d3 ’

(#) (2) 0(pp")
(

<PR?

(184) Dyy < PRIV S )Y
T<r
r,.p)=1

where

N
WS(d7l7p7p/7 r, U) = (E)* (E)epp’(_SN)
s(pp’

X 3 erpp/(c_w)Sd(rp’, (a +sr)p_1)Sd(rpp', —a,-1).
)’
(atsr,rpp")=p

We note again that the set (160) is a reduced system of residues modulo pp’. Simi-
larly, the set

{bp + hrp" - b(rp")", h(p)"}

is a reduced system of residues modulo rpp’.

If s=c¢p’ 4+ ¢'p and a = bp + hrp’ then the condition (a + sr,rpp’) = p is equivalent
to the system of conditions (b + ¢’r,rp’) =1 and 1 + ¢ = 0 (p) and we have

Sa(rp’, (a+sr)p~t) = Sa(rp’, b+ c'r).
Furthermore, using Lemma 5 we also get
Sa(rp'p, —a, —1) = Sa(rp', —bp*, ~1)Sa(p, —h(rp)?, -1).

From (127) and Lemma 2 (ii)—(iv) we obtain

(185)  Ws(d,L,p,p',r,v) = <§> (%)S%p, 1)

x K<p, —N,—(rp")* <v + i @1}))

C/
<« S (S)arcem S ap (i
c'(p) \P b(rp")*
(b+c'r,rp")=1
X Sa(rp', b+ ¢'r)Sa(rp’, —bp*, —1)
< R'F*¢(r, d).
We apply (183), (185) and Lemmas 13 and 14 to get
(186) Vo < PP RDE,

Analogously, from (184), (185) and Lemma 14 we obtain

(187) D,

2 < PYPEQ7IDIR.



198 Heath-Brown and Tolev, Lagrange’s four squares theorem

Consider ¥, and D, .. If (app’+sq,qpp') =0 = (pp')? then the conditions
In;| < Ad;R*~ p¢ imply n = 0. We have also pp’|q, p* ¥ q, p’2 ¥ q. We put g = rpp’ and

find

(188) Vo < PPERTDY Y (didhds) ™ Y 1
(%) (2) r<PR
(r.pp)=1

‘W6(da lapap,ara U)'
X
(2%, 2e (L DA 0.0)

and
_ |W6(d707P7P/a”aO)|
(189) D,y < PR N > ST d ,
(R) (2) Q(pp") ' <r< PR rayaas
(r,pp")=1
where

N
Wé(da l»pap/7ra U) = (Z)X <ﬁ>epp/(_SN)
s(pp')”

XX eppl@n)Sa(r, (a+sr)(pp') ") Salrpp', —a,—1).
a(rpp’)”
a+sr=0 (pp’)

We note that the set {bpp’ + tr: b(r)*,t(pp’)"} is a reduced system of residues
modulo rpp’. If a=bpp’ + tr then the condition a+sr=0 (pp’) is equivalent to
t+5=0(pp). We also have (a + sr)(pp’)"" = b (r) and

Sa(rpp’, —a,—1) = Sa(r,—b(pp)*, 1) Sa(pp', —tr*, —1).

We apply (127) and Lemma 2 (ii)—(iv) to find that

— 3
(190> W6(d7 l7pa Pl> r, U) = S3(ppl7 I)K (ppl7 _N7 _,,2 <U + Z (4d12)112>>
i=1

x b(Z;* e, (b(pp")*0)Sa(r, b)Sa(r, —b(pp")*, -1

< RY*¢(r,d).
We use (188), (190) and Lemmas 13 and 14 to find

(191) YV, o« PPH%RDS,

(pr")

From (189), (190) and Lemma 14 we obtain

(192) D, ..« PY*¥Q7ID3R.

(pp")

Conclusion. Using (122), (153), (170), (176), (181), (186) and (191) we find that

(193) V"% « (P’R+ P*R°)D®P'>,
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Respectively, using (123), (154), (172), (177), (182), (187) and (192) we obtain
(194) D* « P*"Q D3R

3.4.6. The estimation of E*. Consider the sum %, defined by (117). We divide it
into parts according to the congruence class of pp’(a1q> + axq1) + sq1¢g> modulo q1q2pp’.
After some rearrangements we get

(195) F = > > (q142)"°

0<|/|<4R2Q?Pe2 91,220
(pp") ' P2 <qiq

nl s
X e — ey, (—sN
(m%pp’)s(%)(pp’) ' (=sN)

X > Sa(q1, —a1)Sa(q2, —a2).
ai(q1)”,ax(q2)"
pp'(a1qa+azqi)+sqiqa =1 (q192pp")

From this point onwards we assume that
(196) Q < PR,

This inequality implies that in the right hand side of (195) we sum over / satisfying
0 < |/| < R, consequently (/, pp’) =1 and (q1¢2, pp’) = 1. Therefore, the congruence con-
dition in the sum over a;, a, is equivalent to the system of congruences

pp'(a1qx + axqr) = 1 (q192),  sqig2 =1 (pp').

The second congruence determines s uniquely modulo pp’. Therefore, the sum over s in the
right hand side of (195) has exactly one term corresponding to s = /§1q> (pp’). Hence we
obtain

_ nl
(197) 7= > > (9192) 36( ,>
0<|/|<4R*Q*P*~2 0,02 <0 q192pp
(Lpp)=1  |ll(pp") ' P <qiqn
(0192,pp")=1
/ —NIgiq>
o <6]142/ ) .€< Q/Mz) 7
pp pp
where
(198) S = > Sa(q1,—a1)Sa(q2, —az).

ai(q1)”,ax(q2)”
pr'(@1g2+axq) =1 (q192)

We represent the integers ¢; as
(199) qi :gibia i = 1727

where
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(200) gi = 1 », i=12
p’llqi
ph2drdsds (q1,02)

and where b; are determined by (199). To produce the set of summation over ¢, ¢, in the
right hand side of (197) we have to sum over the set of all quadruples of integers g1, g2, b1, b2,
satisfying the conditions

(201) gib1,g2b2 < Q,  |I|(pp") ' P*E < bibagiga,
(9192, 2pp'didrd3b1by) = (g1, 92) = (biba, pp') = 1,
pa(br) = py(b),

where we have defined

(202) patm) =11 p.
|m
p,{’;dldzdg

Consider the sum . Suppose that ¢, ¢» satisfy (199) and (201). We note that the sets
{o:b; + Bigi  i(g:)", B:(bi)"}, i = 1,2 are reduced systems of residues modulo ¢;, i = 1,2.
Furthermore, if a; = o;b; + f,g;, i = 1,2, then the congruence condition, imposed on the
domain of summation in (198), is equivalent to the system of the following three con-
ditions:

(203) pp'oaibibrgs =1 (g1), pp'onbibagi =1 (g2),
(204) PP’ 9192(P1b2 + foby) =1 (bi1by).

We use Lemma 2 (i) and (iv) to find that under conditions (199), (201) we have

(205) S= ¥ S(p,-u)S (g2, —m) I’
a1(g1)",02(g2)"
(203)
—PP’blbzgﬂ) <—PP'blbzgll> 3 3 /
= S ) 1 S ? 1 ' y ?
( e ! (91,1)5% (g2, 1)
where
(206) S'= 3 Salbr,—p1)Sa(br, —p).
Bi(b1)", By (b2)"

We decompose Z into @(log® P) sums Z(Gy, G,) according to the size of g;. In
Z (G, Gy) we sum over

(207) gi € (G,‘,ZG,‘], = 1,2

Consider the sum E*, defined by (119), and denote by E(Gj, G,) the contribution to E*
coming from Z (G, G2). We have
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(208) E* <« P max |E(Gy,G,)|
G,G=0
and
(209) E(G1,Gy) <« PPR'S. N (didhds) ™" Y |7 (G, Gy)l.
(%) (2) 0<n<N

Consider Z (G, G,). We take into account (197), (199)—(201), (205), (207) and find that

(210) 7 (G, Gy) = ) S (bibagig)

0<|/|<4R?Q?P*~2 g1,92,b1,b>
(pp')=1  (201),(207)

( ) (glgzb 101 ) —Ni{b1brg195)
e

glg2b1b2[7p '

« <—PP blbzgzl) <—pp blbzgll)

x 8§3(g1,1)S* (g2, 1) - 7/,

where ' is defined by (206) and where the summation over gi, g2, b1,b, is restricted to
integers satisfying (201) and (207).

We split further b; = B|A, by = B>A, where A = (b;,b;). The congruence condition
(204) implies A/, so we put / = Av. Now we can simplify this congruence and we write %"
in the form

S =ZE(pp'9192),

where
(211) E(/.l) :E(Bl,Bz,A,U,,u)
= > Sa(AB1, —f1)Sa(ABy, —f;).
BiI(AB)", B> (ABy)”
u(ByBa+prBr)=v (AB1 B)
We obtain
(212) F(G1,Gy) = > S°(91, S (g2, )

3
0<Alo| <4R20°P* 2 g1,05,B1. B, (B1B2Ag1gn)
(Av,pp")=1 (213)

" e( no ) ‘ <B1329192AU> o —Nuv(B1B2Ag19>)
B1ByAg192pp’ pp’ rp'

o <—PP'313292AU> _ <—PP'313291AU>
Jgi 92

[I]

(PP g192)-

In the formula above the summation over ¢, g, B1, B> is restricted to integers satisfying the
conditions
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(213) B]Agl < Q, BzAgz < Q, G < Jdi < 2G1, G, < g2 < 2G2,

ol(pp") " PP < BiBaAgiga,  pa(AB) = py(ABy) = py(A),
(9192, 2pp'd1drd3AB1By) = (g1,92) = (BiB:A, pp') = (B1,By) = 1.

Here we have to verify that if p,(AB;) = p,(AB,) then the common value of these integers
equals py(A). This follows easily from the definition of p, and from the properties of the

integers involved.

We shall estimate E(Gy, Gy) by two different ways.

The first estimate for £(G1,G,). Using Lemma 2 (ii) and (iii) we find that

(214) Sa(ABj, —;) < (AB))**dydads

and it is easy to see that if (x4, AB;B,) =1 then

(215) 1 <A.
Bi(ABy)", pr(AB)"

u(f1Ba+pyBi1)=0v (ABB;)
From (211), (214) and (215) we get

(216) B(u) « A*(B\By)*(dydods)?  if (u, AB\By) = 1.

Applying Lemma 2 (iii) we get
32« Gl._l/z, i=1,2.

(217) > 18D« X g
Gi<gi=2G; Gi<gi £2G;

From (209), (212), (216) and (217) we obtain
E(G,Gy) <« E¥ (G, Gy),

(218)
where
(219) E*(Gy,G,) = P*R(G, Gz)*l/z(z) dydrds T,
9
and
(220) T = A2 S (BB YA
Av<4R*Q? P2 By, B, (221)

Av>0

Here we sum over integers B and B, satisfying

(221) B < OA Gy, B, 2 0AT'GY,

0|(16R*°AG1Gy) "' P** < BiB>, (BiBy, pp') =1,
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Pa(AB1) = py(ABy) = py(A).

Using these conditions we get

(222) T« Y AeRIAGG) PR
Av<4R>Q? P2
A v>0

< R3(G1G2)3/2P2873 Z A71/2e9~12’
0<AZ4R2Q2pe2

where

(223) Ti= ¥ 1
B=<P
Pa(AB)=p,(A)

Consider 77. If p,(AB) = p,(A) then every prime factor of B divides also 2d,drdsA.
Hence

o0

@4) 7= % (PB=P II (+ptep )
B=1 p‘Zd]dzd_gA
p‘BiplZdldzd}A

<Pl 4275 427% 4...)Chddd) o p
We substitute this estimate for .7; in (222) and then use (219) to get
(225) E*(Gy,Gy) <« GiGLR°QDC P!,
From this inequality and (218) we obtain
(226) E(Gy,G,) « GiG,R>QD P,
The second estimate for £(G1,G,). Suppose that
(227) Gi £ G

We use (209), (211), (212), and Lemma 2 (iii) to get

(228) E(Gy,Gy) « PPR'S S (dydrds) ™" S
) (2)

0<n<N 0<Alv|<4R?>Q*P*?

(Av,pp")=1
B B,A%)?

x >, (BiBA7)

B1, B, (221)

-3/2
X > 9 max |4,
G1<g1 £2G, GG ;
(91,2pp'd1d>ds AB, By)=1 0 20=6G'226G;

where
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nv
e%(): g_353 g,l e<7>
G<£ G' ©.1) B1B,Ag1gpp’
(9,2pp'd1cdrd3 A By Brg1)=1

g —Nuv(B1B>Ag19) g —pp'BiBrgiAv _,
x (=] -e , A=) (————) Er'919).
p p g1 g

We have
(229) Mo= 33 E(pp'gii)Al,
MABBy)*
where
— nv g
G<£G’ -1 BB Agigpp')  \pp’
(9,2pp'd\drdsg1)=1
é/E/l (ABlBg)

e —Nv(B1ByAg19) . (g) ] (—pp'B1B2g1Av>
pp’ g g '

From (216) and (229) we get

(230) ﬂo < A4(Ble)3/2(d1d2d3)2 Z |ﬂ1 |
A (ABBy)*

We divide .#; into four parts according to the congruence class of ¢ modulo 8. We have

(231) My < _/_zr{’lgly>§’7|/”2(J)|,

where the summation in .#; () is restricted to g = (8).
Define the natural numbers Bj, B5,A’,v' by (B{B5A'v',2) =1 and By =2"Bj,

By =2/B) A =2/4A |v| = 2#4v’. Consider any of the sums .75 (j). We use Lemmas 2 (iv)
and 7 to get

(232) [ A2())| = |45,

where

= > g_3/2e< no )e —Nv(B1BAg19) (B{BéA'v’)
G<g=G' B1B,Agigpp’ pr' g

(9,pp'ddrdzg1)=1
g=1 (ABI B))

g=j(8)

We may assume that j = 1 ((8, BiB,A)) because otherwise the sum .43 would be empty.
Denote

(233) T =[8, BiBA.
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There exists 7 satisfying (7, 7) = 1 and such that the system of congruences g = A (AB; B,),
g =J (8) is equivalent to g = 7 (T'). We apply again Lemma 7 to get

(234) | A3| = |.44],

where

%4 _ Z g_3/2€< nv )e —NU(BleAglg) (g)
G<g=G’ B ByAggpp’ ' v’

(9,pp'd1drdzg1)=1
g=n (T)

Furthermore, we use (221) and easily find that

d -3/2 nv —5/2
sl = PG
dx (x ¢ B B,Agi1xpp’ <« 2

uniformly for x € [G,,2G,]. We apply Abel’s formula to get

(235) My < PGy max |,
G"e[G, G|

where

Ms = > e<_NU(BleT1g)> (g)

!/ !/
G<g=G" pp v

(9,pp'd1drd3g1)=1
g=n(T)

Finally, to get rid of the condition (g, d d>d3g1) = 1, imposed on g, we use the well known
identity for the M&bius function and obtain

—No(B1B2Ag19) \ (9
236) Ms = 1())e J
( G<£G"<5(g,%;lzdggl) >> pp/ Ul

(9.pp")=1
g=n(T)

= Z /’t(é)'ﬂ&

0| didrdsgy

where

G<g<G” '
(9,pp")=1

g=n(T)
g=0(9)

wm 5 o BT (1)

We have (7, T) = 1. Hence we can assume that (6, 7') = 1 because otherwise the sum .#
would be empty. Therefore we obtain

(237) M| < |47],
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where
Ma
a= = )
Go'<g=G's~ \PP"J \V
(9,pp")=1
g=n'(T)
and

= —Nv(B1B:Agi6)(pp’), n' =nrd (T).

To estimate .47 we divide it into @(Gz(év/ Tpp' )_1) complete sums and at most one
incomplete sum modulo v'Tpp’. We get

(238) M7 << Gy(ov' Tpp") | lg| + max  |.4s),

O0<H'—H<v'Tpp'

Mg Ma
= = (M (0) = 5 (M9)(4),
g('Tpp’)y \PP"/ \U H<g<H' \DP v

)
(9,pp")=1 (g,pp")=1
) g=n'(T)

where

Consider the complete sum .#g. First we note that the relevant values of g are all
coprime to v'Tpp’. Obviously (v'T, pp’) = 1. Hence we have

M (hipp’ + th’T)) (hlpp’ + hzv’T>

My = > e ; p
m(W'T)" ha(pp')’ rp v
hypp'+hyv'T=7n" (T)

= = (Mg,

/
h(v'T)* v
hpp'=n'(T)

where ¢,/ is the Ramanujan sum, defined by (4). To estimate it we apply Lemma 5. We
also note that the sum over /; has O(v’) terms. Therefore we obtain

(239) My <.
Consider now the incomplete sum .#y. We treat it in the following standard way:
Mg _ hig —s
= 2 (B9)(4) £ wm)! T ()

g(v"Tpp’ rp H<s<H' h(v'Tpp') U/Tpp

(y p "=
7' (T

—hs
= ('Tpp")"! e(—) Mio(h),
(v'Tpp") h(p%ﬂ)(ﬂém TTop ) 10(h)

)
1
)

where
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g\ (Mg, hg
ﬂlo(h) = Z </>e< /+ T /)’
g(v'Tpp') v pp v ipp

(9,pp")=1
g=n'(T)
It is clear that
(240) My <S> (L4 |B) [ Aro(h)
|h| <v'Tpp’

It remains to estimate .# (k). Again we note that the relevant values of ¢ are all coprime
to v'Tpp' and that (v'T, pp’) = 1. Hence we have

tpp' +00'T M(v'Tt th  th

Mo (h) = > <1pp +, 2 >e L - 2)+ o+

n'T) 6 pp") v pp o'T pp
tipp'+t0'T=n' (T)

hpp' th —
s (S
l‘](b T)
tipp'=n' (T)

where K is the Kloosterman sum, defined by (4). We estimate it using Lemma 4. Obviously,
the sum over 7, has O(v') terms. Hence

(241) Mro(h) < v'R.
Inequalities (240) and (241) imply

(242) My < v'RPE.
From (238), (239) and (242) we get

(243) M7 < (Gy(0TR*) ™" +v'R) P

We take into account (231)—(237) and (243) to find that

(244) My < ((Gy*ABB,R) ™" + [v|RG, %) P¥.
To estimate E(Gy, G,) we use (228), (230) and (244). We get

(245) E(Gy,Gy) « EV + E®),
where E(/)| j = 1,2, are the contributions to E(Gy, G;) coming from the first, respectively,
the second summand from the right hand side of (244). We use (219), (228), (230) and (244)
to find that

(246) EY « PYRZ2E* (G, G,).

Now we apply (225) to get
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(247) EY « G1G,R*DOQP'.

Consider E®). We use (228), (230) and (244) to get

(248) E® « PHERG VG 2(2) dydyds T,
where
T = Y A Y (BB
Av<4R2Q2pe2 By, B, (221)
A, v>0

It is clear by analogy with (222) that

(249) T« Y AR AAGG) PP,
Av=4R2Q?P*2
A, v>0

where 7] is defined by (223). Using (224), (248) and (249) we easily find that
(250) E® « R°Q3G, ' DO P,
From (227), (245), (247) and (250) we find

(251)  E(Gi,Gy) < (GiG2R*Q + R°Q* (max(G), G)) ') DO P'™.

Conclusion. Let H be a parameter which we choose below. If Gi, G, < H then we
use the first estimate (226) for E(Gy, G2). If H < max(Gy, Gz) < Q then we use the second
estimate, given by (251). We obtain

(252) E(Gi,Gy) « (R°H?*Q + R°Q* + RSH™ 103D P,

We choose H = R'/3Q?/3 and use (208) and (252) to obtain

(253) E* « (R3Q3 +R17/3Q7/3)D6P168.

3.4.7. The estimate for &y. The terms 51(’77 i =1,2,3 from the expression (84) for &)
satisfy the asymptotic formulas (109), (111) and (121), respectively. The quantities 7", D*
and E*, included in the ¢—terms of these formulas satisfy (193), (194) and (253). Therefore
we obtain

(254) & « (PPD°R+ P?D°R’ + P*Q7'D*R + Q°D®R® + Q73 DSR'7/3) P>,

3.5. Proof of Proposition 1. Consider the sum &(D, Q), defined by (31). From (41)
and (43) we get

&(D, Q) < (PR2|& | + PR &) "2 P°.
To estimate &, we use (82):

& « (P°D® + P*D’Q 1 P%.
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Similarly, for & we use the estimate (254), given above. We obtain
(255) &(D, Q) « (P’D*R™V? 4 P32D3R3? 4 p32Q~1/2p32R~1/2
+ PU2Q32D3RIZ 4 pl2QT/6 p3RIV/G) pl2e,
The parameters D, Q, R satisfy the conditions (39), (40), (42), (83) and (196):

Q<P
D = P* where o € (0,1),
R =P" whereo; €(0,1),
D < RV/6p1%,

P piRl <
0 < PR

It is not difficult to see that the optimal choice (up to a power of P*) of these
parameters is

(256) R=P¥3 Q= pN/23  p_ pre-1o
From (255) and (256) we obtain

(257) &(D, Q) « P>,

This completes the proof of Proposition 1. []

3.6. Proof of Proposition 2.

3.6.1. Beginning. Let us write f(d) = f,(d1)p,(dz)p5(ds) for brevity and consider
the sum

(258) A = (Oz)ﬂ(d)a%(N)

We use (28), (30), (34) and Proposition 1 to get

(259) M = (z)md) X Qu(N —p?) = A+ O(P*F),
9 Ps
where
(260) Hy = (z) B(d) ij Mg o(N —p?).

Here .4, ¢ is defined by (29) and Q satisfies (32). We use (29) and change the order of
summation to find that
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Hr =P

2
Ad) Y siaa) 5 H<1 )q(a<p2—zv>),

(didhds =0~ g WP<p<P

where 7 = (1 — 1)"/? € (0,1) and 1, is specified in Lemma 11. Now we apply Abel’s for-
mula to get

P d x2
(261) S = _P:OJ;) @(x)a (H(l — ﬁ)) dx,
where
_« Bld) 3 p
(262) M) = g S0 Sulg.02(9)
and
(263) Zx)=2= Y ela(p’—N)).

toP<p=x

Consider the sum Z. We divide it into subsums according to the congruence class m of p
modulo ¢. There is no contribution from m such that (m, g) > 1. Therefore we get

(264) Z = (Z) eq (a(m2 — N)) (n(x, q,m) — n(tyP, q, m))
LT caMT(g.0)

B ¢(q) toP logl 1

+ (Z) eq (a(m2 — N))(A(x,q,m) — A(1oP, q,m)),

where A(x, g,m) and T'(q, a) are defined by (3) and (7), respectively.

From (262)—(264) we get

(265) ) = [ (o)~ G10P),
where
_« BA) 3
(266) € (x) = g@:)dldzdg qng
X % Sd(Q7a) % eq(a(mz —N))A(X q, )7
_ « Bld)
(267) By = ((Zj) diods qgg ha(q)

and where /4(q) is defined by (9).
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3.6.2. The estimation of €¢(x). Consider the sum %(x). We expect that it is negligible
because it depends on the quantity A(x, ¢, m), which is small on average with respect to ¢
and m. More precisely, we shall prove that if 7pP < x < P then we have

(268) %(x) « P(logP) ™"

It is clear that

Zontsr
where

(269 Flg.m) =y 2 Gula.m)
and

(270) Calgm) = 5 Sulg.alefatn = V)

Obviously, I'(¢g,m) is always real. Using Cauchy’s inequality we get

(271) 6(x))> < LM,
where

(272) - Z A(x, q,m)?,

(273) M= ; z) (g, m)*.

We estimate L using Lemma 1. Consider the sum M. We shall prove that
(274) M « (log P)€

for some absolute constant C > 0. Then we will take into account (271) and the proof of
(268) will be complete.

From (269) and (270) we get

p(d)B(h)

275 M= BB
(273) dv.ds-dy<pd1dadshyhyls EQ (4
111,112,h3§D
where
(276) Mg.d,h) =q° 3 Calg,m)u(q,m).
m(q)*

Applying Lemma 2 (i) we easily see that the function A is multiplicative with respect to q.
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From (35) we conclude that the relevant values of d and A are vectors with odd com-
ponents. Furthermore, we use (270), (276) and Lemma 2 (vi) and find that

(277) 22" d h) « 1.
Consider A(p’,d, h), where p > 2 is a prime. Assume that
(278) példi,  pPilhi,  vi =min(l,20;), = min(/,28,).

Using (4) and Lemma 2 (ii) and (iv) we get

3
(279) La(p!m) = CZ(Pl,m)l:Il(P"’S(pH’; 1),
where
¢pi(m* = N) ifvi+v+v=1(2),
Y _
(280) Ca(p'ym) = 9 (%) epz(a(m2 _ N)) if v+ +vsE1(2).
a(ph)*

From (276), (278)—(280) and Lemma 2 (v) we obtain

3 1
a81) | d.h) gp"’(np’+f<"f+~f>) S G m)G (s m)

= m(p)’

ép—31+%(v1+vz+v3+,u1+,u2+/lg)(Tl 4 Tz),

where
(282) Ti= X |ep(m> = NP,
m(p')*
u 2
(283) T, = > <—> ey (a(m2 —N))
m(p!)*la(p’) \P
We shall prove that
(284) Ty <3p¥, T, <3p”.

These inequalities and (281) imply that for any prime p > 2 and for any integer / we have
(285) M(Pl,dJl)’ = 6P*’+%("1+V2+V3+ﬂ1+ﬂz+/ts).

From (277), (278) and (285) we obtain

(286) 2. Mg dh) < 32 5 Am,dh)
4=0 2720 m=0
(m,2)=1

6v(m) 3 4 .
m zl;ll(m’ i)(ma i)'

< (log P) ZQ
m<
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Now we use (36), (275) and (286) to find that

"q) . \
M« (logP) T ° ( ) (d)fi"’ d>> .
g0 4 \d=p

It is easy to see that the sum over d is «7%(q)(log P)z. Hence we get

v(4) 15
M « (logP)"? S 6—112(61) « (logP)® )

)2]6
g0 94 =0 94

< (logP

)

IIA

so we have established (274).

It remains to prove that if p > 2 is a prime and / is an integer then the inequalities
(284) hold.

Consider 7). Using the exact formula for the Ramanujan sum, given by Lemma 5,
we get

T — ‘ (0(171) I-h ’
Z (ﬂ(plih)lu(p )

§P2172 Z 1 +p21HN(pl)
m(p')*
m2=N (pl’l)
:pZZleN(plfl) +p21HN(p1),

where Hy(q) is the cardinality of the set {m(q)* : m* = N (q)}. It is well known that if
p>2and pyYN then Hy(p') £2 for any /. Obviously, if p|N then Hy(p') =0. The
inequality (284) for T follows.

Consider 7,. Using Lemma 6 (ii) we easily obtain

) n/pm"\
Z(%)epz(an)— P’ 1S(P71)< » ) if p™!|n,
a(p’)”
0

otherwise.

We apply Lemma 2 (v) and the estimate for Hy(p'), given above, and find that

— 2 —
GE DV AV S D
mip')’ mp')’
(pl.mZ_N):p/—l (pl.ynZ_N):p/—l

So the inequalities (284) are established and the proof of (268) is complete.

3.6.3. The end of the proof of Proposition 2. Let us consider the sum %, defined by
(267). We extend the summation over ¢ to infinity. Using (17) and (32) we find that
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N
(287) S |ha(q)| < (didads)® % « D°Q7'P%* « P75,
9>0 >0 497"
Hence
(288) By = B + O(P),
where
B(d)
289 B = )
(289) 1 ((Zj)dlcbdﬁi 0

and where % is defined by (16). From (265), (268) and (288) we find that if /)P < x < P
then

X d B
(290) AB(x) = ,%tojp F{; +0(P(log P)™).

We substitute this expression for %(x) in (261). The contribution to #> coming from the
remainder term is
2
, x7\ 2x
H (1 - ﬁ) 2

We integrate by parts and find that the contribution to # from the main term of (290) is
NoB), where AN is defined by (26). Now we apply (259) to find that

P
«P*(logP)™" [
toP

dx « P*(log P)~*.

(291) Hy = NoB + O(P(log P)™™).

We take into account (37), (258), (289) and (291) and the proof of Proposition 2 is
complete. []

4. The proof of Theorem 1

Consider the sum

&= > o),
prHxi+xi+xi=N
(x,-,“l‘):l
where
(292) P= J] p and z; =P
2<p<z

for some « € (0, 1), which we shall specify later. Using the condition N =4 (24) and the
definition of w(x) we find that the solutions of (2), such that 2| px;x,x3, are not counted

in §.
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Suppose that
(293) F > P2(log P) .

Then there exist constants ¢y > 0 and Ny > 0 such that for any integer N > N, there are at
least ¢oP?(log P)_4 quadruples p, xj, x, x3 satisfying (2) and such that p is a prime and
each x; is an almost-prime with no more than o~ prime factors, counted according to
multiplicity.

So, our aim is to establish (293) with « as large as possible. We apply the vector sieve
proposed by Iwaniec [12] and used also by Briidern and Fouvry [1], [2] as well as by the
second author [19], [20]. In many places we omit the calculations because they are similar
to those in [1], [19] and [20].

It is convenient to sieve by the small primes separately. Define

(294) z0=(logP)"", By= I p. B= II »

2<p<zg z0 < p<z)

We represent the sum § as

(295) &= > o (x)D D, D3A 1A A3,
prxi+xI+xI=N
where
Q= > wk), A= 3 u(l).
k| (xi, o) (i B)

Let

(296) Dy = P, D, =P¥Y s p=pD.
We define

log D elog P
(297) 0= loggz: - 100010§logP’
(298) 51 = lf:)gglz)ll = <62—9— 118)06_1.

To apply the sieve method we need the inequalities 5o > 2 and s; > 2. The first of them is
obvious. To have the second we assume that o < 1/69 and take ¢ sufficiently small.

Consider Rosser’s weights 4 (d) of orders D;, i = 0, 1. Define

(299) Of = ¥ k), AF= X A0, i=123
ke | (xi,Bo) I (i, By)

The definition and the properties of the Rosser weights can be found in Iwaniec [13], [14].
In particular, we have
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216

lIA

(300) PEd) €1, 25 (d)=0 if u(d)=0ord> Dy
< A

(301) D; O, A SASALL i=1,23

S
lIA

From (301) we easily get
(302) @10 D3A 1 A2A; 2 O] QT OTATATAT + @7 @, OTATATAT
+ OO DT ATAT AT + O D DTAT AT AT + O D DTATAS AT
+ @7 O; OFATAT A — 507 0T OFATATAT.

The proof of (302) is elementary and similar to the proof of Lemma 13 of [1].

From (295) and (302) we find that

6
(303) 82 ; & — 387,

where §,, 1 < i < 7 are the contributions of the consecutive terms from the right hand side
of (302). Obviously &, = &, = &; and &, = & = &
Consider, for example, &,. We use (296), (299), (300) and change the order of sum-

mation to get
&= > Bild)py(d2)Bs(ds) Lu(N),

dy,dy,d3 <D

where %;(N) is defined by (34) and

(304) Bild) = > g (k) (D),
k%o, 71y
kl=d,

(305) Bild) = > (k)i (), i=2,3.
k|“/1310;l);l31

It is obvious that the functions f; satisfy (35) and (36). Therefore, we can apply Proposition 2

to get
(306) F =& +0(P’(logP)™"),
where
d,drds <D didrds

and where Xy and ./} are defined by (16) and (26).
Suppose that d; are squarefree odd numbers and consider Xy. Using the identity (16)

we find that
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(308) Zy(d,N) = So(N)R(d,N),
where
(309) So=&o(N) = H2(1 + ho(p)),

(310) W@N)= [ Fm) L+ /a(p) L+hs(p)
’ pllddsds L+ 10(P) 2t 1+ 10(P) 3 dyaay 1+ ho(p)

From (10)—(13), (309) and (310) we get

(311) 1 « &) «loglogP
and

(312) R(d,N) « t(d))7t*(dy)T*(d3).
The calculations are standard and we leave them to the reader.

Suppose that d; = k;l;, where k;|*By, [;|B;, i = 1,2, 3, and denote by k and / the triples
ki,k2, k3 and 11, b, I3, respectively. It is clear that

(313) R(d, N) = Rk, N)R(L, N).
Define
+ + +
(314) = D Ay (k) Ag (ka)Ag (ks) Rk, N),
et ea, s | B kikaks
+ 1+ +
(315) gt — ) Ai (h)47 (h)A (13)9{(17]\[).
AT hhh

From (304), (305), (307), (308) and (313)—(315) we find that
(316) i = Mol

We study the other sums §; in the same manner and use the analogs of (306) and (316) to
obtain

T =8 = & = N&H G+ 0(P(logP) "),
Ty =Fs =T = NoEH TG + O(P(log P) ),
F; = No&oH TG + O(P*(log P)™).
Now we apply (303) to get

317)  Fz= MEBH G +3419 —5#7%T) + 0(P*(log P) ™).
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From (297) we see that sy — oo as N — co. Hence the Rosser weights 4, behave like
the Mobius function and we can expect that the sums #* can be approximated by the sum

ulky) (ko) pu(ks)

Hoy =
ki ko, ks | By kikaks

R(k,N).

More precisely, the following asymptotic formula holds:

(318) HE = Ay + O(exp(—/log P)).

We omit the proof because it does not differ significantly from the proof of Lemma 14 of
[19] or formula (3.17) of [20].

It is easy to see that

(319 A= I (1_3(1+h1(p)) 3(L4/(p)  1+Mm(p) )

p(1+ho(p))  p*(L+ho(p)) p3(1+ho(p))

From this formula, (10)—(13) and (294) we find that

2<p<zg

(320) Ho = (loglog P)~°.
We leave the easy verification of (319) and (320) to the reader.

Using (292), (294), (300), (312) and (315) we get

RN
(321) 9* « <Z T—l(l)> « (log P)".

1%,
From (27), (311), (317), (318) and (321) we find that
(322) F = No&oHo(39 —291) + O(P*(log P) ).

It remains to estimate from below the difference 3%~ — 24". Using (315) we get

(323) 3G~ — 2g+ — Z (3)”1_ (ll) - 2)“?_([1))1?_(12)1?(13)
b0 | %, hbl

R(I, N)

=W+ W1/7
where in W, we sum over /1, 1, /3| 3, such that
(324) (h,h) = (h,h) = (h, ) =1
and where W/ is the contribution of the other terms. We use the definition of B, given by
(294), and find that if /;, ;| B, and (/;,[;) > 1 then (/;,/;) = zo. From this observation, (300)
and (312) we easily get

(325) W/ « (log P)' %z,
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Consider W. If the condition (324) holds then we have
RAN) = (L)Y (5),

where
(326 VO =TI
Hence
o ow= oy BAUZRONEAE )0,

bbb, |,
x> pl)u(ho)p(hs)

= > ulm)u(ho)u(hs)
hi,ha,hy | 9By
B () Z 2 )R 1)y 1
16243

hb, 3| By

[| EO([hz,h3])

leO([h],hﬂ)

L=0([h, ha])

=W+ WZI ,
where W is the contribution of the terms with &; = i, = h3 = 1 and W, comes from the
other terms.
Consider Wj. If h;|B; and h; > 1 then h; = zy. Therefore, after some calculations,

which we leave to the reader, we obtain

(328) Wy « (log P)' %z,

Consider ;. Obviously
(329) Wy, = (3T~ —237)(TN)%,
where
1%,
Using Lemma 10 of [1] we establish the inequalities
N<TH < N{F(s1) + O((log P)"'7)},

(330)

(331) T 2N/ () +O((logP)"")},
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where F and f are the functions of the linear sieve (see Iwaniec [13], [14]), s is specified by

(298),
5o 1 (1-49)
z0 =p<z) p
and y is defined by (326). We use (10), (11), (292), (294) and (326) to find that
log zg 1
(332) 9N > Tog; > (log P)” (loglog P).

We choose o = 0.00983 and use that if y denotes the Euler constant and s € (2, 3) then
F(s) =2e’s7 ! and f(s) = 2e’s 'log(s — 1). We find that if s; is specified by (298) and ¢ is
sufficiently small then

(333) 3f(s1) — 2F(s1) > 1074,
From (329)—(333) we obtain

(334) W, = W (3f(s1) — 2F(s1) + @((logP)_1/3)) > (log P) " (loglog P)*.

We use (27), (294), (311), (320), (322), (323), (325), (327), (328) and (334) and we find
that if « = 0.00983 then the estimate (293) holds. It remains to notice that this o satisfies
101 < o~! < 102 and the proof of Theorem 1 is complete. []

5. The proof of Theorem 2

We recall that in this section bold style letters denote four-dimensional vectors. We
also assume that the components of d are always squarefree. Now we define

(335> Sd(q7m7n) = f[lS(q? Mdizani)a Sd(q7 l’l/l) = Sd(q,l’l/I,O),
4 4
(336) La(f,u) = A_ll(ﬂv wd; '), fa(x) = A_lfdf(“)
and let

Tn(g:d) = (9, N)(q,d}) ... (g,d)) .

An important point in [1] is the estimation of the sum

(337> V(qv d, "7UaN) = Z eq(l)é - Na)Sd(qaa>n)'
alg)’

In Lemma 1 of [1] Briidern and Fouvry use estimates for Kloosterman and Sali¢ sums and
prove the inequality

(338) V(g,d,n,v,N) < ¢***Ty(q,d).

From (338) follows, in particular, that the singular series
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o0
(339) %i(d,N) =3 q*V(¢,d,0,0,N)
q=1

is absolutely convergent. The arithmetic properties of the function X;(d, N) are studied in
detail in Section 2.4 of [1]. Define

B(d,N) = > o(x1)...o(xg)
xf+x§+x§+x§:N
xi=0 (d)
and
Zi(d,N)
4 R =B KPP
(340) (d.N) = B@.N) ~ s P 5L

where w, x; and X; are specified by (18), (24) and (339), respectively. For any positive D
we define

(341) A" (D) = > |R(d, N,

(27)
where ) nmeans that the summation is taken over squarefree odd integers

(2)
dy,dy,ds,dy < D. We prove the following

Proposition 3.  Suppose that D < P'/3-1%_ Then we have
#* (D) « P>¢,

This statement is an analogue of Theorem 3 from [1]. In this paper Briidern and
Fouvry use the approach of Estermann [4] and their upper bound for d; is P’, where
0 < 1/11. Here we use weighted exponential sums and apply Lemma 12 and our result
becomes stronger.

Applying the arguments from Section 3 of [1] we can see that our Theorem 2 is a
consequence of Proposition 3.

Proof of Proposition 3. 1t is enough to establish the inequality
(342) H*(D) « P10 pt,
We use again the Kloosterman method. It is clear that

1

(343) B(d,N) = Je(—Noc)fd(oc) do

53 (G

where the set of integration #(q,a) and the function f; are defined by (54) and (336),
respectively. We use (335), (336) and Lemma 12 to represent the integrand from the for-
mula above in the form
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Phe (_N(‘q’ 4 ﬁ))

q*d\drdsdy

> Sa(g.a,m)Iy(BN,—Pq 'n) + O(P~4).

We substitute this expression for the integrand in (343) and change the variable of inte-
gration to get

P?
B(d,N) = Yat X 2 [ el=Naje(=p)
d1d2d3d4q<P nez* alq)" #'(q,a)
| <dP*

X Sd(qvaa n)ld(ﬂa _Pq_ln) dﬁ"’ (Q(P_A)a

where the set %4'(q,a) is defined by (62). Then we change the order of integration and
summation over « to find that

P? _ _
(344)  B(d,N) = >at X[ e(=p)a(B,~Pq 'n)
d1d2d3d4q<P ne7* 1Bl <L
\n,-\gd,-P*’
X Z eq(_Na)Sd(qaa7n) dﬁ—i_ (Q(P_A)7
a(q)”
ae/(q,p)

where /(q, ) is the set of residue classes modulo ¢, whose properties were described in
Section 3.4.2. In particular, there exists a function o (v, ¢, f5), satisfying (99) and such that

(345) Z = Z J(anaﬂ) Zel](av)"‘ .
a(g)” —q/2<v=q/2 a(q)”
ae/(q,p)

We represent B(d, N) in the form
(346) B(d,N) =By + B, + O(P™),

where in Bj the integration 1s taken over £ such that |f| < P(2¢q) ! whilst in B, we inte-
grate over f§ satisfying P(2¢) " < || < Pq".

Consider B,. From (99), (337), (344) and (345) we obtain

P2
(347) By=———=3q*" ¥ ] LB, —Pq 'n)
d1d2d3d4q§1’ nez* P<|ﬂ|<P
|ni| <dipe 2=
xe(=B) > o(vq,p)V(g,d,nov,N)dp
—q/2<v=q/2
P? 4
—-— B +|v
d1d2d3d4q§pq % EP( o)™
|n,-\§d,-P*’

x |V(g,d,n,0,N)|[|1a(B, —Pq"'m)| dp.

2
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Applying (336) and Lemma 9 (iii) we find that

(348) [11a(B,—Pq'm)| dB < [ p2dp <« qP~'

2q 2q

and from (338), (347) and (348) we obtain
(349) By < P ST g1 2Ty (q.d).

q=P

Consider now By . In this case the set .7 (g, ff) is a complete system of residues modulo
¢ and we have

P2
350 B=——— -4 J(q,d,n,N)V(q,d,n,0,N),
(350) = I adh d4q§})q ne% (¢ Wiq )
|ni| <d; P
where

J(g,d,m,N) = [ e(=p)La(B,~Pq"'n)dp.

Using (24), (336), (348) and Lemma 10 (ii) we find that
K1+ O(gP™) if n=0,

351)  J(g.d,nN) = S h
(351) (¢.d,n,N) @<qpl+zs<z|ni|di1>) otherwise.

i=1

From (338), (339), (350) and (351) we obtain

> (d,N)
2 By = P2 B (B (B
(352) | = K| d1d2d3d4+@( 3) + O(By) + O(Bs),
where
P? 3/24e
B; S g Ty (g, d),

" didhdzds S

P1+38

Bs = 127w (q,d),
! d1d2d3d4q§1>q v(g.d)

P1+3s 12 4 | -1
B = - T 7d nl d_ *
> d1d2d3d4q§}>q wig )0*%24 <i1| g >
|n,»|§d,-P*‘

Using the last three formulas as well as (349) we can establish that

(353) ST By « P¥* %Dt fori=12,3,4,5.
(@)

The calculations are not difficult and we leave them to the reader.

We take into account (340), (341), (346), (352) and (353) and prove that the estimate
(342) is correct. This completes the proof of Proposition 3. []
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