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1. Introduction and statement of the results

In this paper we study the equation of Lagrange

x2
1 þ x2

2 þ x2
3 þ x2

4 ¼ Nð1Þ

with multiplicative restrictions imposed on the variables.

Various proofs for the solvability of (1) in integers x1; x2; x3; x4 are known. We should
mention the explicit formula for the number of integer solutions of (1), discovered by
Jacobi. We refer the reader to the books of Hardy andWright [7] and Hua [11], for example.

Kloosterman [16] considered the problem of the representation of large integers N by
the integral positive definite quadratic form

a1x
2
1 þ a2x

2
2 þ a3x

2
3 þ a4x

2
4 :

His method yields an asymptotic formula for the number of representations. The classical
circle method of Hardy, Littlewood and Ramanujan provides an asymptotic formula for
quadratic forms with five or more variables only.

It is expected that every su‰ciently large integer N, satisfying the congruence condi-
tion N1 4 ðmod24Þ, can be represented in the form (1) with prime variables xi. This hy-
pothesis has not been proved so far. Using Vinogradov’s method for the solution of the
ternary Goldbach problem, however, Hua [10] proved that all large integers, satisfying a
natural congruence condition, are sums of five squares of primes.

Greaves [6], Plaksin [17] and Shields [18] proved the solvability of (1) with two prime
and two integer variables. Actually, in [17] and [18] an asymptotic formula for the number
of solutions was found.

Brüdern and Fouvry [1] considered (1) with su‰ciently large N satisfying



N1 4 ðmod24Þ and found a lower bound for the number of solutions in integers xi with
no more than 34 prime factors each.

The main purpose of the present paper is to prove the following:

Theorem 1. Every su‰ciently large integer N, satisfying N1 4 ðmod 24Þ, can be rep-

resented in the form

p2 þ x2
1 þ x2

2 þ x2
3 ¼ N;ð2Þ

where p is a prime and xi are integers without prime factors less than N 0:004915. The number

of such representations exceeds cNðlogNÞ�4
for some positive constant c. In particular, every

such xi has at most 101 prime factors.

We are also in a position to improve slightly the result of Brüdern and Fouvry from
[1]. We have

Theorem 2. Every su‰ciently large integer N, satisfying N1 4 ðmod 24Þ, can be rep-

resented in the form (1), where xi are integers without prime factors less than N 0:01995. The
number of such representations exceeds cNðlogNÞ�4

for some positive constant c. In partic-

ular, every such xi has at most 25 prime factors.

In spite of the results of Greaves, Plaksin and Shields already referred to, there seems
little hope at present of establishing a version of Lagrange’s Theorem involving two primes
and two almost-primes. Although we can show that N � p2 � q2 is a sum of two squares,
we are unable to control su‰ciently the divisibility properties of the two squares that arise.
To prove Theorem 1 we have to show that N � p2 is a sum of three squares, and to control
the distribution in residue classes of these three squares. A standard application of the circle
method, with the Kloosterman refinement, is not quite su‰cient for this purpose. However
by using the first author’s ‘‘square sieve’’ [8], we are able to take advantage of the fact that
we are considering numbers N � p2 in which p2 is a square, and this leads to a suitable
saving. The usual machinery of the Kloosterman refinement is needed, but it appears that,
at one point, when we consider the second estimate for EðG1;G2Þ in §3.4.6, this is insuf-
ficient. This rather technical problem is overcome by using a double Kloosterman refine-
ment. Thus, if the Farey dissection in our application of the circle method involves arcs
around the points a=q, we average non-trivially not only over the numerators a, but also
over the denominators q. It would seem that this is the first occasion on which such a
technique has been successfully employed to give an unconditional result.

Acknowledgements. The main part of this research was done during the visit of the
second author to the Mathematical Institute of the University of Oxford. The second author
thanks the Royal Society for financial support, the sta¤ of the Institute for the excellent
working conditions and also Plovdiv University Scientific Fund (grant PU2-MM) for cov-
ering some other expenses.

2. Notations and some lemmas

Denote P ¼ N 1=2. Let e A ð0; 10�6Þ be an arbitrarily small fixed number. Let A > 106

be an arbitrarily large number, which may not be the same in di¤erent occurrences. If it
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is not stated explicitly, the constants in O-terms andf-symbols are absolute or depend on
e and A. The letter p is reserved for prime numbers. In all sections, with the exception
of Section 5, we denote by bold style letters three-dimensional vectors. In Section 5 we
use bold style letters to denote four-dimensional vectors. We denote by ðm1; . . . ;mkÞ and
½m1; . . . ;mk� the greatest common divisor and, respectively, the least common multiple of
the integers of m1; . . . ;mk. However, if u; v are real numbers then ðu; vÞ means the interval
with endpoints u and v. The meaning is always clear from the context.

As usual, mðnÞ, jðnÞ, tðnÞ, nðnÞ denote the Möbius function, Euler’s function, the
number of divisors of n and the number of distinct prime factors of n, respectively. Instead
of m1 n ðmod kÞ we write for simplicity m1 n ðkÞ. If pl jm, but plþ1 Fm then we write
plkm. We denote eðaÞ ¼ e2pia and eqðaÞ ¼ eða=qÞ. By ½t� we denote the integer part of the
real number t and let ktk be the distance from t to the nearest integer. We use

P
xðqÞ

and
P
xðqÞ�

to denote sums with x running over a complete system, respectively reduced system of res-

idues modulo q. If q is an odd integer then by
l

q

� �
we denote the Jacobi symbol. If

ða; qÞ ¼ 1 then ðaÞq means the inverse of a modulo q. If the value of the modulus is clear

from the context then we simply write a. For example, eqðaÞ always means eq
�
ðaÞq

�
. For

any a we put e1ðaÞ ¼ 1. If U and V are positive then U � V means that U fV fU . We
use r to mark an end of a proof or its absence.

We denote by pðx; q;mÞ the number of primes pe x such that p1m ðqÞ and let

Dðx; q;mÞ ¼ pðx; q;mÞ � 1

jðqÞ
Ðx
2

dt

log t
:ð3Þ

Our first lemma is a weak version of the Barban-Davenport-Halberstam theorem (see
Chapter 29 of [3], for example).

Lemma 1. Suppose that Qf x1�e. Then we have

P
qeQ

P
mðqÞ�

Dðx; q;mÞ2f x2ðlog xÞ�A: r

In our study we use the properties of the Kloosterman sum Kðq;m; nÞ, Ramanujan
sum cqðnÞ and the Gauss sums gðqÞ, Sðq; a;mÞ, Sðq; aÞ and Tðq; aÞ. These sums are defined
by

Kðq;m; nÞ ¼
P
xðqÞ�

eqðmxþ nxÞ; cqðmÞ ¼ Kðq;m; 0Þ;ð4Þ

gðqÞ ¼
P
lðqÞ

l

q

� �
eqðlÞ ðfor odd integers q onlyÞ;ð5Þ

Sðq;m; nÞ ¼
P
xðqÞ

eqðmx2 þ nxÞ; Sðq;mÞ ¼ Sðq;m; 0Þ;ð6Þ

Tðq;mÞ ¼
P
xðqÞ�

eqðmx2Þ:ð7Þ
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If d A N3 and n A Z3 then we denote

Sdðq;m; nÞ ¼
Q3
i¼1

Sðq;md 2
i ; niÞ; Sdðq;mÞ ¼ Sdðq;m; 0Þ:ð8Þ

In Section 5, however, bold style letters denote four-dimensional vectors and the definition
of Sdðq;m; nÞ is di¤erent.

We also put

hdðqÞ ¼ q�3jðqÞ�1 P
aðqÞ�

Sdðq; aÞTðq; aÞeqð�aNÞ:ð9Þ

In the next lemma we present some identities and inequalities for the sum Sðq;m; nÞ.
The proof of (i) is elementary. The proofs of (ii)–(vi) are available in Section 6 of [4] and
Chapter 7 of [11].

Lemma 2. The Gauss sum Sðq;m; nÞ satisfies:

(i) If ðq1; q2Þ ¼ 1 then

Sðq1q2; a1q2 þ a2q1; nÞ ¼ Sðq1; a1q22 ; nÞSðq2; a2q21 ; nÞ:

(ii) Suppose that ðq;mÞ ¼ d. We have

Sðq;m; nÞ ¼ dSðq=d;m=d; n=dÞ if djn;
0 if d F n:

�

(iii) If ðq;mÞ ¼ 1 then jSðq;m; nÞje 2q1=2.

(iv) If ðq; 2mÞ ¼ 1 then

Sðq;m; nÞ ¼ eq
�
�ð4mÞn2

� m

q

� �
Sðq; 1Þ:

(v) If ðq; 2Þ ¼ 1 then

Sðq; 1Þ ¼ q1=2 if q1 1 ð4Þ;
iq1=2 if q1�1 ð4Þ:

�

(vi) If ða; 2Þ ¼ 1 then

Sð2 l ; aÞ ¼
0 if l ¼ 1;

2 l=2ð1þ iaÞ if l is even;

2ðlþ1Þ=2eða=8Þ if l > 1 and odd: r

8<
:

In the next lemma we study Tðq;mÞ. Again the proof of (i) is elementary. Identities
(ii) and (iii) can be easily verified using definition (7) and Lemma 2.
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Lemma 3. The Gauss sum Tðq;mÞ satisfies:

(i) If ðq1; q2Þ ¼ 1 then

Tðq1q2; a1q2 þ a2q1Þ ¼ Tðq1; a1ÞTðq2; a2Þ:

(ii) If p > 2 is a prime and ðp; aÞ ¼ 1 then

Tðpl ; aÞ ¼ Sðp; aÞ � 1 if l ¼ 1;

0 if l > 1:

�

(iii) If ða; 2Þ ¼ 1 then

Tð2 l ; aÞ ¼

�1 if l ¼ 1;

2eða=4Þ if l ¼ 2;

4eða=8Þ if l ¼ 3;

0 if l > 3: r

8>><
>>:

In the next lemma we present Weil’s estimate for the Kloosterman sum. The most
important case, when q is a prime, was considered by Weil [21]. For the proof in the general
case we refer the reader to Estermann [5].

Lemma 4. We have

jKðq;m; nÞje tðqÞq1=2ðm; n; qÞ1=2: r

A simple identity and an estimate for the Ramanujan sum are given below. A proof
is available in Chapter 16 of [7].

Lemma 5. We have

cqðnÞ ¼
jðqÞ

j
q

ðq; nÞ

� � m
q

ðq; nÞ

� �
:

In particular

jcqðnÞje ðq; nÞ: r

In the next lemma we give some properties of the Gauss sum gðqÞ. Proofs can be
found in Chapter 7 of [11].

Lemma 6. (i) For any odd integer q we have jgðqÞje q1=2.

(ii) If p > 2 is a prime then gðpÞ ¼ Sðp; 1Þ. r

In the next lemma we present the fundamental properties of the Jacobi symbol. A
proof is available, for example, in Chapter 3 of [11].
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Lemma 7. If q and q1 are odd integers and ðq; q1Þ ¼ 1 then we have

q

q1

� �
q1

q

� �
¼ ð�1Þ

q�1

2
�q1�1

2 ;ðiÞ

2

q

� �
¼ ð�1Þ

q2�1

8 ;ðiiÞ

�1

q

� �
¼ ð�1Þ

q�1

2 : rðiiiÞ

Now we shall study the function hdðqÞ, defined by (9). For any prime p > 2 we put

h0ðpÞ ¼

8>>>>><
>>>>>:

1

p
if pjN;

�1

pðp� 1Þ

 
1þ �N

p

� �!
if pFN;

ð10Þ

h1ðpÞ ¼

8>>>>><
>>>>>:

�1

p

�1

p

� �
if pjN;

1

p� 1

 
�N

p

� �
þ 1

p

�1

p

� �!
if pFN;

ð11Þ

h2ðpÞ ¼

8>>>>><
>>>>>:

�1

p

� �
if pjN;

�1

p� 1

 
�1

p

� �
þ N

p

� �!
if pFN;

ð12Þ

h3ðpÞ ¼

8>>><
>>>:
�1 if pjN;

1

p� 1

 
p

N

p

� �
þ 1

!
if pFN:

ð13Þ

The following lemma holds:

Lemma 8. Suppose that d1; d2; d3 are squarefree odd integers and N1 4 ð24Þ. The
function hdðqÞ is multiplicative with respect to q. We have

hdð2 lÞ ¼

0 if l ¼ 1;

�1=2 if l ¼ 2;

1=2 if l ¼ 3;

0 if l > 3:

8>>><
>>>:

ð14Þ

If p > 2 is a prime then
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hdðplÞ ¼ hjðpÞ if p j k d1d2d3 and l ¼ 1;

0 if l > 1:

�
ð15Þ

The series S0, defined below, is absolutely convergent and

S0 ¼ S0ðd;NÞ ¼
Py
q¼1

hdðqÞ ¼
Q
p>2

�
1þ hdðpÞ

�
:ð16Þ

Proof. The multiplicativity of hdðqÞ with respect to q follows easily from Lemmas 2
(i) and 3 (i). Formulas (14) and (15) are consequences of Lemma 2 (v), (vi) and Lemma 3
(ii), (iii). From (10)–(15) we find that the following estimate holds:

hdðqÞf m2 q

ðq; 4Þ

� �
6nðqÞ

q2
ðq;NÞðd1d2d3Þ3:ð17Þ

Hence the series S0 is absolutely convergent and applying Euler’s identity we get (16). r

Consider the function

o0ðtÞ ¼
exp

1

ð20t� 10Þ2 � 1

 !
if t A

9

20
;
11

20

� �
;

0 otherwise.

8><
>:

It is infinitely di¤erentiable on the real line. Denote

oðxÞ ¼ o0ðxP�1Þ; oðxÞ ¼ oðx1Þoðx2Þoðx3Þð18Þ

and

Iðb; uÞ ¼
Ðy

�y
o0ðxÞeðbx2 þ uxÞ dx; IðbÞ ¼ Iðb; 0Þ:ð19Þ

If d A N3 and u A R3 then we define

Idðb; uÞ ¼
Q3
i¼1

Iðb; uid�1
i Þ:ð20Þ

In Section 5, however, the definition of Idðb; uÞ is di¤erent.

Lemma 9. The following estimates hold:

Iðb; uÞf ð1þ jbjkÞjuj�k
for u3 0 and for any k A N;ðiÞ

IðbÞfminð1; jbj�kÞ for any k A N;ðiiÞ

Iðb; uÞfminð1; jbj�1=2Þ:ðiiiÞ

The constants in thef-symbols in (i) and (ii) depend on k.
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Proof. We prove (i) by multiple partial integration. To prove (ii) we change the
variable x2 ¼ y and then proceed as in the proof of (i). Finally, the estimate (iii) is well-
known. r

Lemma 10. (i) Suppose that u ¼ maxðju1j; . . . ; ju6jÞ > 0. Then we have

J ¼
Ðy

�y
jIðb; u1Þ . . . Iðb; u6Þj dbf u�2þe:

(ii) Suppose that v ¼ maxðjv1j; . . . ; jv4jÞ > 0. Then we have

Ðy
�y

jIðb; v1Þ . . . Iðb; v4Þj dbf v�1þe:

Proof. We prove only (i). The proof of (ii) is similar. If ue 1 the inequality is a
consequence of the trivial estimate Jf 1. Suppose that u > 1. We have J ¼ J1 þ J2, where
in J1 we integrate over jbje u1�e=2 and in J2 over the other b. Lemma 9 (iii) implies that

J2 f
Ðy

u1�e=2

b�3 dbf u�2þe.

Now consider J1. Suppose that u ¼ ju1j. We take the integer k ¼ ½6e�1�. If

jbje ju1j1�e=2 then Lemma 9 (i) gives Iðb; u1Þf ð1þ jbjkÞju1j�k f ju1jð1�e=2Þk�k. Therefore

J1 f ju1jð1�e=2Þðkþ1Þ�k f ju1j�2 and the result follows. r

Using Lemma 9 we see that the Fourier transform of I 3ðbÞ,

HðtÞ ¼
Ðy

�y
I 3ðbÞeð�tbÞ db;ð21Þ

is uniformly and absolutely convergent. We have

Lemma 11. The function HðtÞ is non-negative and infinitely many times di¤erentiable.

It is supported and positive in ðt1; t2Þ for some t1; t2 such that 0 < t1 < t2 < 1. We have

I 3ðbÞ ¼
Ðy

�y
HðtÞeðbtÞ dtð22Þ

and

k0 ¼
Ðy

�y
jIðbÞj6 db ¼

Ðy
�y

H 2ðtÞ dt:ð23Þ

The integral

k1 ¼
Ðy

�y
I 4ðbÞeð�bÞ dbð24Þ

is absolutely convergent and the constant k1, defined above, is real and positive.
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We also have

Ðy
�y

H 2ðtÞeðbtÞ dtfminð1; jbj�kÞð25Þ

for any integer k. The constant in thef-symbol depends on k.

Proof. The smoothness of HðtÞ as well as the identities (22) and (23) are well known
facts from Fourier analysis. To prove the estimate (25) we use multiple partial integration.
Finally, we can prove the other statements by the standard technique of the circle method
(see Chapter 11 of [15], for example). r

We can now define

N0 ¼ N0ðNÞ ¼ P
ÐP
t0P

H 1� x2

P2

� �
dx

log x
;ð26Þ

where t0 ¼ ð1� t2Þ1=2 A ð0; 1Þ and t2 is specified in Lemma 11. Obviously

N0 �
P2

logP
:ð27Þ

3. Propositions which imply Theorem 1

3.1. Statement of the propositions. Define

WdðnÞ ¼
P

x2
1
þx2

2
þx2

3
¼n

xi10 ðdiÞ

oðxÞ:ð28Þ

A formal application of the circle method suggests that the sum WdðnÞ can be approximated
(at least in some average sense) by the expression

Md;QðnÞ ¼
PHðnN�1Þ
d1d2d3

P
qeQ

q�3 P
aðqÞ�

eqð�anÞSdðq; aÞ:ð29Þ

It is clear that Md;QðnÞ is always real. Denote

Gd;QðnÞ ¼ WdðnÞ �Md;QðnÞð30Þ

and consider the sum

EðD;QÞ ¼
P
ðDÞ

tðd1Þtðd2Þtðd3Þ
P
keP

jGd;QðN � k2Þj;ð31Þ

where
P
ðDÞ

means that the summation is taken over squarefree odd integers d1; d2; d3 eD.
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It is easy to see that EðD;QÞfP2þe for a large range of D and Q. This simple esti-
mate, however, is useless for our aims. To prove a non-trivial result we need an estimate of
the shape (33) for a suitable Q and for D as large as possible. This is the most di‰cult part
of the paper.

The following proposition holds:

Proposition 1. Suppose that

Q ¼ P20=23; D ¼ P2=69�10e:ð32Þ

Then we have

EðD;QÞfP2�e:ð33Þ

This statement cannot be applied directly to our problem because of the complicated
form of the main term. We will state another proposition, which is suitable for applying the
sieve method.

Define

LdðNÞ ¼
P

p2þx2
1
þx2

2
þx2

3
¼N

xi10 ðdiÞ

oðxÞ:ð34Þ

Suppose that biðdÞ, i ¼ 1; 2; 3, are real functions satisfying

biðdÞ ¼ 0 if mðdÞ ¼ 0 or 2jdð35Þ

and

jbiðdÞje tðdÞ:ð36Þ

Let

HðDÞ ¼
P
ðDÞ

b1ðd1Þb2ðd2Þb3ðd3Þ LdðNÞ �N0ðNÞS0ðd;NÞ
d1d2d3

� �
;ð37Þ

where S0;N0 and LdðNÞ are defined by (16), (26) and (34), respectively.

Proposition 2. If D ¼ P2=69�10e then we have

HðDÞfP2ðlogPÞ�A:ð38Þ

At the beginning of the proof of Proposition 1 we will impose some simple restrictions
on Q and D only. We will impose more severe restrictions later and we will explain the final
choice (32) at the end of the proof.

For Md;QðnÞ to be a good approximation to WdðnÞ we have to take Q su‰ciently
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large. However, it becomes di‰cult to work with Md;QðnÞ if Q is too large. Now we assume
only that

QeP1�e:ð39Þ

The reason for introducing this restriction is that in this case we are in a position to apply
Lemma 1 with x � P. Another reason is that the exponential sum Wd;QðaÞ, defined by (52),
has a comparatively simple behaviour. This becomes clear from Lemma 16.

For D we assume that

D ¼ Pa0 where a0 A ð0; 1Þ:ð40Þ

We note that estimates of the shape (33) and (38) with any small fixed a0 imply a nontrivial
result for our additive problem. The result becomes better if a0 is larger, so our aim is to
establish (33) and (38) with a0 as large as possible.

3.2. Beginning of the proof of Proposition 1. Consider the sum EðD;QÞ, defined by
(31). We apply Cauchy’s inequality to get

E2ðD;QÞf ðlogPÞ12PE0;ð41Þ

where

E0 ¼
P
ðDÞ

d1d2d3
P
keP

jGd;QðN � k2Þj2:

To estimate this sum we apply the ‘‘square sieve’’, developed by the first author in [8]. We
take

R ¼ Pa1 where a1 A ð0; 1Þ:ð42Þ

We shall specify the value of the constant a1 later. Consider the quantity

kðn;RÞ ¼
 
logR

R

P
R<pe2R

pFN

N � n

p

� �!2
:

If n ¼ N � k2 for some integer k A ð0;P� then kðn;RÞg 1 and, obviously, kðn;RÞf 0 for
all n. Therefore we have

E0 f
P
ðDÞ

d1d2d3
P
n AZ

kðn;RÞjGd;QðnÞj2:

We use the definition of kðn;RÞ to get

E0 f
logR

R

� �2
jE1j þ

logR

R
E2;ð43Þ

where
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E1 ¼
P
ðDÞ

d1d2d3
P
ðRÞ

P
n AZ

N � n

pp 0

� �
jGd;QðnÞj2;ð44Þ

E2 ¼
P
ðDÞ

d1d2d3
P
n AZ

jGd;QðnÞj2:ð45Þ

From this point onwards
P
ðRÞ

means that the summation is taken over primes p and p 0 such

that R < p; p 0 e 2R, ðpp 0;NÞ ¼ 1 and p3 p 0.

3.3. The estimation of the sum E2.

3.3.1. Preparation. We use (30) and (45) to represent E2 in the form

E2 ¼ E
ð1Þ
2 � 2E

ð2Þ
2 þ E

ð3Þ
2 ;ð46Þ

where E
ðiÞ
2 , i ¼ 1; 2; 3, come from the consecutive terms in the expansion

jGj2 ¼ W2 � 2WMþM2.

First we shall prove that

E
ðiÞ
2 ¼

P
ðDÞ

d1d2d3J
ðiÞ
2 ; i ¼ 1; 2; 3;ð47Þ

where

J
ð1Þ
2 ¼

Ð1
0

j fdðaÞj2 da;ð48Þ

J
ð2Þ
2 ¼

Ð1
0

fdðaÞWd;Qð�aÞ da;ð49Þ

J
ð3Þ
2 ¼

Ð1
0

jWd;QðaÞj2 dað50Þ

and where

fdðaÞ ¼
Q3
i¼1

fdiðaÞ; fdðaÞ ¼
P
x AZ

x10 ðdÞ

oðxÞeðax2Þ;ð51Þ

Wd;QðaÞ ¼
P
n AZ

Md;QðnÞeðanÞ:ð52Þ

The identity (47) for E
ð1Þ
2 is a consequence of the equalities

P
n AZ

W2
dðnÞ ¼

P
x2
1
þx2

2
þx2

3
¼y2

1
þy2

2
þy2

3

xi;yi10 ðdiÞ

oðxÞoðyÞ

¼
P

x;y AZ3

xi;yi10 ðdiÞ

oðxÞoðyÞ
Ð1
0

e
�
aðx2

1 þ x2
2 þ x2

3 � y21 � y22 � y23Þ
�
da

¼ J
ð1Þ
2 :
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To prove the identity (47) for E
ð2Þ
2 we notice that

P
n AZ

WdðnÞMd;QðnÞ ¼
P

n AZ;x AZ3

xi10 ðdiÞ

oðxÞMd;QðnÞ
Ð1
0

e
�
aðx2

1 þ x2
2 þ x2

3 � nÞ
�
da ¼ J

ð2Þ
2 :

Finally, the identity (47) for E
ð3Þ
2 is a consequence of

P
n AZ

M2
d;QðnÞ ¼

Ð1
0

jWd;QðaÞj2 da:

3.3.2. An asymptotic formula for E(1)
2 . Consider the integral J

ð1Þ
2 defined by (48). We

study it by means of the Kloosterman method [16]. We consider the Farey dissection of
order P for the unit interval and find that

J
ð1Þ
2 ¼

P
qeP

P
aðqÞ�

Ð
Bðq;aÞ

fd
a

q
þ b

� �����
����
2

db;ð53Þ

where

Bðq; aÞ ¼
�
�
�
qðqþ q 0Þ

��1
;
�
qðqþ q 00Þ

��1�ð54Þ

and where q 0 and q 00 are defined by

P < qþ q 0; qþ q 00
e qþ P; qþ q 0 1 a ðqÞ; qþ q 00 1�a ðqÞ:ð55Þ

We shall find an expression for the integrand in the right hand side of (53) in which
the variables a and b are separated. The following lemma holds:

Lemma 12. Suppose that q; d; b A N, h A Z, b A R, qeP, jbje ðqPÞ�1
and d; bePc

for some constant c > 0. Then for any constant gf 1 we have

fd
h

b
þ b

� �
¼ P

bd

P
jnjegbdq�1P e

Sðb; hd 2; nÞI bN;�Pn

bd

� �
þ OðP�AÞ:

The constant in the O-term depends on c;A and e.

Proof. Using (51) we get

fd
h

b
þ b

� �
¼
P
y AZ

oðdyÞebðhd 2y2Þeðbd 2y2Þ ¼
P
m ðbÞ

ebðhd 2m2ÞZmð56Þ

where

Zm ¼
P
y AZ

y1m ðbÞ

oðdyÞeðbd 2y2Þ:

Consider Zm. We apply Poisson’s formula and use (18) and (19) to get
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Zm ¼
P
x AZ

o
�
dðmþ bxÞ

�
e
�
bd 2ðmþ bxÞ2

�
ð57Þ

¼
P
n AZ

Ðy
�y

o
�
dðmþ bxÞ

�
e
�
bd 2ðmþ bxÞ2

�
eð�nxÞ dx

¼ P

bd

P
n AZ

ebðnmÞI bN;� nP

bd

� �
:

The absolute convergence of the last series is an easy consequence of Lemma 9 (i).
Indeed, if n3 0 then we have

I bN;� nP

bd

� �
f ð1þ jbjkN kÞ jnjP

bd

� ��k

f
bd

jnjq

� �k
:ð58Þ

Here k can be an arbitrarily large integer and the constant in thef-symbol depends on k.

We use (6), (56) and (57) to get

fd
h

b
þ b

� �
¼ P

bd

P
n AZ

Sðb; hd 2; nÞI bN;� nP

bd

� �
:

It remains to estimate the contribution X arising from the terms with jnj > gbdq�1Pe. We
take k ¼ ½e�1ð2cþ Aþ 3Þ� and apply (6) and (58). We use the elementary inequalityP
n>a

n�k e a�k þ a�kþ1, which holds true for a > 0 and for kf 2. We conclude that

XfP�A and this proves the lemma. r

We use (8), (19), (20) and Lemmas 2 (ii) and 12 to find that the integrand in the right
hand side of (53) equals

P6

q6ðd1d2d3Þ2
P

n ANd; q

P
l ANd; q

Sdðq; a; nÞSdðq;�a;�lÞð59Þ

� IdðbN;�Pq�1nÞIdð�bN;Pq�1lÞ þ OðP�AÞ;

where we have set

Nd;qðHÞ ¼ fn A Z3 : jnije 4diHPe; ni 1 0
�
ðq; d 2

i Þ
�
; i ¼ 1; 2; 3g;ð60Þ

Nd;q ¼ Nd;qð1Þ:ð61Þ

We use (47), (53) and (59) and find an expression for E
ð1Þ
2 . Then we change the variable

bN ¼ b 0 and denote

B 0ðq; aÞ ¼
�
�N

�
qðqþ q 0Þ

��1
;N
�
qðqþ q 00Þ

��1�
:ð62Þ

We obtain

E
ð1Þ
2 ¼ P4P

ðDÞ
ðd1d2d3Þ�1P

qeP

q�6 P
n ANd; q

P
l ANd; q

ð63Þ

�
P
aðqÞ�

Sdðq; a; nÞSdðq;�a;�lÞTdðn; l; q; aÞ þ OðP�AÞ;
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where

Tdðn; l; q; aÞ ¼
Ð

B 0ðq;aÞ
Idðb;�Pq�1nÞIdð�b;Pq�1lÞ db:ð64Þ

Define

lðd; n; l;HÞ ¼
P3
i¼1

d�2
i ðn2i H�2 þ l2i Þ if ðn; lÞ3 ð0; 0Þ;

1 otherwise,

8><
>:ð65Þ

and let

lðd; n; lÞ ¼ lðd; n; l; 1Þ:ð66Þ

We appeal to (23), (55), (62), Lemma 9 (iii) and Lemma 10 (i) to get

Tdðn; l; q; aÞ ¼
O
�
q2P�2þ2elðd; n; lÞ�1� if ðn; lÞ3 ð0; 0Þ;

k0 þ Oðq2P�2Þ otherwise.

(
ð67Þ

From Lemma 2 (ii) and (iii) we find that

P
aðqÞ�

jSdðq; a; nÞSdðq;�a;�lÞjf q4xðq; dÞ;ð68Þ

where

xðq; dÞ ¼
Q3
i¼1

ðq; d 2
i Þ:ð69Þ

We use (63), (67)–(69) to obtain

E
ð1Þ
2 ¼ U2 þ O

�
P2þ2eYðPÞ

�
;ð70Þ

where

U2 ¼ k0P
4P
ðDÞ

ðd1d2d3Þ�1P
qeP

q�6 P
aðqÞ�

jSdðq; aÞj2ð71Þ

and

YðKÞ ¼
P
qeK

P
ðDÞ

P
n ANd; q

P
l ANd; q

xðq; dÞ
d1d2d3lðd; n; lÞ

:ð72Þ

It remains to estimate Y. We first prove two simple results.

Lemma 13. Suppose that d1; d2; d3 eD. Then we haveP
l ANd; 1

lðd; 0; lÞ�1fD3Pe:

Proof. The sum under consideration is f1þ T1 þ T2 þ T3, where Tn is the contri-
bution from l such that jlnjd�1

n ¼ max
i¼1;2;3

ðjlijd�1
i Þ > 0. Consider, for example, T1. We have
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T1 f
P

1el1ed1P e

d 2
1

l21
1þ d2l1

d1

� �
1þ d3l1

d1

� �
fD3Pe:

This proves the lemma. r

Lemma 14. Let qeP. The following estimate holds:

P
deD

ðq; d 2Þ
d

fDPe:

Proof. We have

P
deD

ðq; d 2Þ
d

e
P
deD

ðq; dÞ2

d
e
P
deD

ðq; dÞfDPe: r

We are now in a position to estimate Y.

Lemma 15. Suppose that KeP. For the sum YðKÞ, defined by (72), we have

YðKÞfKD6P7e:

Proof. It is clear that YðKÞfY 0 þY 00, where Y 0 is the contribution of the terms
with l ¼ 0 and Y 00 is the contribution of the other terms.

Consider Y 00. Using Lemma 13 we get

P
l ANd; q

l30

lðd; n; lÞ�1f
P

l ANd; q

lðd; 0; lÞ�1 fD3Pe

and, obviously,

P
n ANd; q

1fP3eQ3
i¼1

1þ di

ðq; d 2
i Þ

� �
:

Now we use (69) to get

Y 00fD3P4e P
qeK

 P
deD

ðq; d 2Þ
d

1þ d

ðq; d 2Þ

� �!3
:

To estimate the sum over d we apply Lemma 14 and find that Y 00fKD6P7e.

Consider now Y 0. We apply Lemma 13 with the rôles of n and l reversed and getP
n ANd; q

lðd; n; 0Þ�1 fD3Pe. Hence

Y 0 fD3Pe P
qeK

P
deD

ðq; d 2Þ
d

 !3
:

Now we use Lemma 14 again and obtain Y 0 fKD6P4e. This proves the lemma. r

From (70) and Lemma 15 we obtain

E
ð1Þ
2 ¼ U2 þ OðP3þ9eD6Þ:ð73Þ
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3.3.3. An asymptotic formula for E(2)
2 . Consider the integral J

ð2Þ
2 , defined by (49).

Using the Farey decomposition of order P of the unit interval we get

J
ð2Þ
2 ¼

P
qeP

P
aðqÞ�

Ð
Bðq;aÞ

fd
a

q
þ b

� �
Wd;Q � a

q
� b

� �
db:ð74Þ

As in the previous section, we first separate the terms involving a and b. For fd we apply
Lemma 12. To deal with Wd;Q we use the following

Lemma 16. Suppose that QeP1�e, jbje ðqPÞ�1
and ða; qÞ ¼ 1. Then we have

Wd;Q
a

q
þ b

� �
¼

P3

q3d1d2d3
Sdðq; aÞI 3ðbNÞ þ OðP�AÞ if qeQ;

OðP�AÞ if Q < qeP:

8><
>:

Proof. We use definitions (29) and (52) of Md;Q and Wd;Q, respectively, to get

Wd;Q
a

q
þ b

� �
¼ P

d1d2d3

P
q1eQ

q�3
1

P
a1ðq1Þ�

Sdðq1; a1ÞF;

where

F ¼
P
n AZ

H
n

N

� �
e

 
a

q
� a1

q1
þ b

� �
n

!
:

We apply the Poisson formula, change the variable in the integrals and then apply
Lemma 11:

F ¼ N
P
m AZ

Ðy
�y

HðxÞe
 

a

q
� a1

q1
þ b �m

� �
Nx

!
dx

¼ N
P
m AZ

I 3

 
a

q
� a1

q1
þ b �m

� �
N

!
:

We may suppose that 0e ae q� 1 and 0e a1e q1 � 1. In this case we have

a

q
� a1

q1
þ b

����
����e 1� 1

2P
:

We apply Lemma 9 (ii) and easily find that the contribution to F coming from m3 0 is
OðP�AÞ.

Consider the term corresponding to m ¼ 0. Suppose that a=q3 a1=q1. We have

a

q
� a1

q1
þ b

� �
N

����
����f jaq1 � a1qj

qq1
N � jbjNf

N

qq1
� N

qP
f

1

2
Pe:

We use Lemma 9 (ii) again and find that in this case I 3

 
a

q
� a1

q1
þ b

� �
N

!
fP�A.
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If Q < qeP then there is no fraction a1=q1 equal to a=q.

If qeQ then there is exactly one fraction a1=q1 equal to a=q, namely a1 ¼ a, q1 ¼ q.
This proves the lemma. r

Using (39) and Lemmas 12 and 16 we find that if qeQ then the integrand in the
right-hand side of (74) equals

P6

q6ðd1d2d3Þ2
P

n ANd; q

Sdðq; a; nÞSdðq;�aÞIdðbN;�Pq�1nÞI 3ð�bNÞ þ OðP�AÞ:

If Q < qeP then the integrand is OðP�AÞ. Hence, using (47), (64) and (74) we find

E
ð2Þ
2 ¼ P4P

ðDÞ
ðd1d2d3Þ�1 P

qeQ

q�6 P
n ANd; q

P
aðqÞ�

Sdðq; a; nÞSdðq;�aÞTdðn; 0; q; aÞ þ OðP�AÞ:

Now we use (67)–(69) and Lemma 15 to get

E
ð2Þ
2 ¼ U�

2 þ OðP3þ9eD6Þ;ð75Þ

where

U�
2 ¼ k0P

4P
ðDÞ

ðd1d2d3Þ�1 P
qeQ

q�6 P
aðqÞ�

jSdðq; aÞj2:ð76Þ

Let us compare U�
2 with U2, defined by (71). We use (68), (69), (71), (76) and Lemma 14

to get

U2 �U�
2 fP4P

ðDÞ
ðd1d2d3Þ�1 P

Q<qeP

q�6 P
aðqÞ�

jSdðq; aÞj2ð77Þ

fP4P
ðDÞ

ðd1d2d3Þ�1 P
Q<qeP

q�2xðq; dÞ

fP4 P
Q<qeP

q�2 P
deD

ðq; d 2Þ
d

 !3

fP4þ3eD3P
Q<q

q�2 fP4þ3eD3Q�1:

Formulas (75) and (77) imply

E
ð2Þ
2 ¼ U2 þ O

�
ðP3D6 þ P4D3Q�1ÞP9e

�
:ð78Þ

3.3.4. An asymptotic formula for E(3)
2 . For the integral J

ð3Þ
2 , defined by (50), we have
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J
ð3Þ
2 ¼

P
qeP

P
aðqÞ�

Ð
Bðq;aÞ

Wd;Q
a

q
þ b

� �����
����
2

db:ð79Þ

Using (39), (47), (79) and Lemma 16 we obtain

E
ð3Þ
2 ¼ P6P

ðDÞ
ðd1d2d3Þ�1 P

qeQ

q�6ð80Þ

�
P
aðqÞ�

jSdðq; aÞj2
Ð

Bðq;aÞ
jIðbNÞj6 db þ OðP�AÞ:

Now we change the variable in the integral and use (64) and (67). Then we proceed as in
the previous section to get

E
ð3Þ
2 ¼ U�

2 þ OðP3þ9eD6Þð81Þ

¼ U2 þ O
�
ðP3D6 þ P4D3Q�1ÞP9e

�
:

3.3.5. The estimate for E2. From (46), (73), (78) and (81) we obtain

E2f ðP3D6 þ P4D3Q�1ÞP9e:ð82Þ

Consider the inequalities (41), (43) and (82). It is clear that in order to obtain (33) we
must impose further restrictions on D;Q and R. From this point onwards we assume that

DeR1=6P�10e; P1þ20eD3R�1
eQ:ð83Þ

3.4. The estimation of the sum E1.

3.4.1. Preparation. Consider the sum E1, defined by (44). We represent it in the form

E1 ¼ E
ð1Þ
1 � 2E

ð2Þ
1 þ E

ð3Þ
1 ;ð84Þ

where E
ðiÞ
1 are the contributions of the consecutive terms from the expansion

jGj2 ¼ W2 � 2WMþM2.

First we shall prove that for the sums E
ðiÞ
1 the following formulas hold:

E
ðiÞ
1 ¼

P
ðRÞ

gðpp 0Þ
pp 0

P
ðDÞ

d1d2d3
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞJðiÞ

1 ; i ¼ 1; 2; 3;ð85Þ

where gðpp 0Þ is the Gauss sum, defined by (5), and

J
ð1Þ
1 ¼

Ð1
0

fd aþ s

pp 0

� �
fd �að Þ da;ð86Þ

J
ð2Þ
1 ¼

Ð1
0

fd aþ s

pp 0

� �
Wd;Q �að Þ da;ð87Þ

J
ð3Þ
1 ¼

P
n AZ

M2
d;QðnÞepp 0 ðsnÞ:ð88Þ
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Consider the sum E(1)
1 . We have

E
ð1Þ
1 ¼

P
ðRÞ

P
ðDÞ

d1d2d3
P
n AZ

N � n

pp 0

� �
W2

dðnÞð89Þ

¼
P
ðRÞ

P
ðDÞ

d1d2d3G
ð1Þ
1 ;

say. Obviously, (28) implies

G
ð1Þ
1 ¼

P
x2
1
þx2

2
þx2

3
¼y2

1
þy2

2
þy2

3

xi ;yi10 ðdiÞ

oðxÞoðyÞ N � ðx2
1 þ x2

2 þ x2
3Þ

pp 0

� �
:

Using (51) and taking into account the elementary properties of the Gauss sum gðqÞ we get

G
ð1Þ
1 ¼

P
lðpp 0Þ

l

pp 0

� � P
x2
1
þx2

2
þx2

3
¼y2

1
þy2

2
þy2

3

x2
1
þx2

2
þx2

3
1N�l ðpp 0Þ

xi ;yi10 ðdiÞ

oðxÞoðyÞð90Þ

¼
P

lðpp 0Þ

l

pp 0

� � P
x;y AZ3

xi;yi10 ðdiÞ

oðxÞoðyÞ

�
Ð1
0

e
�
aðx2

1 þ x2
2 þ x2

3 � y21 � y22 � y23Þ
�
da

� 1

pp 0
P

sðpp 0Þ
epp 0
�
sðx2

1 þ x2
2 þ x2

3 �N þ lÞ
�

¼ 1

pp 0
P

lðpp 0Þ

l

pp 0

� � P
sðpp 0Þ

epp 0
�
sðl �NÞ

�
J
ð1Þ
1

¼ gðpp 0Þ
pp 0

P
sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞJð1Þ

1 ;

where J
ð1Þ
1 is defined by (86). From (89) and (90) we obtain formula (85) for E

ð1Þ
1 .

Consider E(2)
1 . We have

E
ð2Þ
1 ¼

P
ðRÞ

P
ðDÞ

d1d2d3
P
n AZ

N � n

pp 0

� �
WdðnÞMd;QðnÞð91Þ

¼
P
ðRÞ

P
ðDÞ

d1d2d3G
ð2Þ
1 ;

say. Furthermore

G
ð2Þ
1 ¼

P
lðpp 0Þ

l

pp 0

� � P
n AZ

n1N�l ðpp 0Þ

WdðnÞMd;QðnÞ ¼
P

lðpp 0Þ

l

pp 0

� �
F�;ð92Þ
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say. Obviously

F� ¼
P

n AZ;x AZ3

x2
1
þx2

2
þx2

3
¼n1N�l ðpp 0Þ

xi10 ðdiÞ

oðxÞMd;QðnÞ:

By the previous formula and (51), (52) we obtain

F� ¼
P

n AZ;x AZ3

xi10 ðdiÞ

oðxÞMd;QðnÞ
Ð1
0

e
�
aðx2

1 þ x2
2 þ x2

3 � nÞ
�
da

� 1

pp 0
P

sðpp 0Þ
epp 0
�
sðx2

1 þ x2
2 þ x2

3 �N þ lÞ
�

¼ 1

pp 0
P

sðpp 0Þ
epp 0
�
sðl �NÞ

�
J
ð2Þ
1 ;

where J
ð2Þ
1 is defined by (87). It remains to substitute this expression for F� in (92) and to

change the order of summation over l and s. The Gauss sum gðqÞ appears again. We use
(91) and obtain formula (85) for E

ð2Þ
1 .

Consider E(3)
1 . We have

E
ð3Þ
1 ¼

P
ðRÞ

P
ðDÞ

d1d2d3
P
n AZ

N � n

pp 0

� �
M2

d;QðnÞð93Þ

¼
P
ðRÞ

P
ðDÞ

d1d2d3G
ð3Þ
1 ;

say. It is clear that

G
ð3Þ
1 ¼

P
lðpp 0Þ

l

pp 0

� � P
n AZ

n1N�l ðpp 0Þ

M2
d;QðnÞð94Þ

¼
P

lðpp 0Þ

l

pp 0

� �P
n AZ

M2
d;QðnÞ

1

pp 0
P

sðpp 0Þ
epp 0
�
sðn�N þ lÞ

�

¼ gðpp 0Þ
pp 0

P
sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞJð3Þ

1 ;

where J
ð3Þ
1 is specified by (88). From (93) and (94) we obtain formula (85) for E

ð3Þ
1 .

3.4.2. The sum E(1)
1 . In this section we will establish the asymptotic formula (109).

Its remainder term, however, is still a complicated expression which we shall estimate later.

Consider the integral J
ð1Þ
1 , defined by (86). We represent again the unit interval as an

union of Farey arcs S
qeP

S
1eaeq
ða;qÞ¼1

�
Bðq; aÞ þ a=q

�
;
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where Bðq; aÞ is defined by (54). We decompose further the set of integration according to
the size of ðapp 0 þ sq; qpp 0Þ. We note that ðapp 0 þ sq; qpp 0Þ j ðpp 0Þ2 and find

J
ð1Þ
1 ¼

P
d j ðpp 0Þ2

P
qeP

ð95Þ

�
P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼ d

Ð
Bðq;aÞ

fd
a

q
þ s

pp 0 þ b

� �
fd � a

q
� b

� �
db:

We use Lemmas 2 (ii) and 12 to see that the integrand in the last formula equals

P6d3

q6ðpp 0Þ3ðd1d2d3Þ2
P

n ANd; qðR2d�1Þ

P
l ANd; q

ð96Þ

� Sd
qpp 0

d
;
app 0 þ sq

d
; n

� �
Sdðq;�a;�lÞ

� Id bN;� Pd

qpp 0 n

� �
Id �bN;

P

q
l

� �
þ OðP�AÞ;

where the sets Nd;qðHÞ and Nd;q are defined by (60) and (61), respectively.

Some care is needed with the modulus of the congruence in the definition of Nd;qðHÞ.
According to (83) we have di eD < R1=6 < p; p 0. Thus, since d j ðpp 0Þ2, we have�

qpp 0d�1; ðapp 0 þ sqÞd�1d 2
i

�
¼ ðqpp 0d�1; d 2

i Þ ¼ ðq; d 2
i Þ:

It follows that the modulus of the congruence occuring in the definition of Nd;qðHÞ may be
taken to be ðq; d 2

i Þ instead of ðqpp 0d�1; d 2
i Þ.

We use (85), (95) and take into account the expression (96) for the integrand. In this
way we find a formula for E

ð1Þ
1 . Then we change the variable bN ¼ b 0 and use (62) to obtain

E
ð1Þ
1 ¼ P4P

ðRÞ

gðpp 0Þ
ðpp 0Þ4

P
ðDÞ

P
d j ðpp 0Þ2

P
qeP

d3

d1d2d3q6

�
P

n ANd; qðR2d�1Þ

P
l ANd; q

P
sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼ d

�
Ð

B 0ðq;aÞ
Sd

qpp 0

d
;
app 0 þ sq

d
; n

� �
Sdðq;�a;�lÞ

� Id b;� Pd

qpp 0 n

� �
Id �b;

P

q
l

� �
db þ OðP�AÞ:

We decompose E
ð1Þ
1 as follows:

E
ð1Þ
1 ¼ UþVþ OðP�AÞ:ð97Þ

Here U is the contribution of the terms with n ¼ l ¼ 0 and V is the contribution of the
other terms.
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Consider V. We change the order of summation over a and integration over b.
Using (62) we conclude that in the new expression for V the domain of integration is
fjbjePq�1g and we sum over a satisfying the previous conditions and such that a belongs
to a set Aðq; bÞ of residues ðmod qÞ. There is no restriction on a if jbjePð2qÞ�1. For the
other b the set Aðq; bÞ is not necessarily a complete set of residues modulo q, but we have

P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼ d
a AAðq;bÞ

� � � ¼
P

�q=2<veq=2

sðv; q; bÞ
P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼d

eqðavÞ . . . ;ð98Þ

where the function s satisfies

jsðv; q; bÞjf ð1þ jvjÞ�1:ð99Þ

Detailed explanation of this technique can be found in Section 3 of [9], for example.

Lemma 10 (i) and (65) imply that if ðn; lÞ3 ð0; 0Þ then

Ðy
�y

Id b;� Pd

qpp 0 n

� �
Id �b;

P

q
l

� �����
���� dbf q2P2e�2

lðd; n; l;R2d�1Þ
:ð100Þ

We use (98)–(100) and Lemma 6 (i) to get

V ¼ OðV�Þ;ð101Þ

where

V� ¼ P2þ2eR�7P
ðRÞ

P
ðDÞ

P
d j ðpp 0Þ2

P
qeP

d3

d1d2d3q4
ð102Þ

�
P

n ANd; qðR2d�1Þ

P
l ANd; q

P
jvjeP

jWðd; n; l; p; p 0; q; v; dÞj
ð1þ jvjÞlðd; n; l;R2d�1Þ

and

Wðd; n; l; p; p 0; q; v; dÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞð103Þ

�
P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼ d

eqðavÞSd
qpp 0

d
;
app 0 þ sq

d
; n

� �
Sdðq;�a;�lÞ:

Consider U. We represent it as

U ¼ U 0 þU 00;ð104Þ

where in U 0 the integration is taken over the subset fjbjePð2qÞ�1g of B 0ðq; aÞ and,

respectively, in U 00 we integrate over B 0ðq; aÞX fjbj > Pð2qÞ�1g.
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Consider first U 00. We change the order of summation over a and integration and
proceed as in the treatment of V. We apply the simple estimate

Ð
jbj>Pð2qÞ�1

jIðbÞj6 dbf q2P�2ð105Þ

and use (65) to establish that

U 00 ¼ OðV�Þ:ð106Þ

Consider now U 0. In this case the set of integration does not depend on a. We extend
the domain of integration to the real line. Taking into account (23), (65) and (105) we find
that

U ¼ U1 þ OðV�Þ;ð107Þ

where

U1 ¼ k0P
4P
ðRÞ

gðpp 0Þ
ðpp 0Þ4

P
ðDÞ

P
d j ðpp 0Þ2

P
qeP

d3Wðd; 0; 0; p; p 0; q; 0; dÞ
d1d2d3q6

:ð108Þ

From (97), (101), (104), (106) and (107) we obtain

E
ð1Þ
1 ¼ U1 þ OðV�Þ:ð109Þ

3.4.3. The sum E(2)
1 . In this section we shall establish the asymptotic formula (111).

The main term in it coincides with the main term in (109). The remainder terms are com-
plicated expressions and we shall study them later.

Consider the integral J
ð2Þ
1 , defined by (87). We decompose again the unit interval as

in the previous section and find that

J
ð2Þ
1 ¼

P
d j ðpp 0Þ2

P
qeP

ð110Þ

�
P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼d

Ð
Bðq;aÞ

fd
a

q
þ s

pp 0 þ b

� �
Wd;Q � a

q
� b

� �
da:

To deal with fd and Wd;Q we use Lemmas 12 and 16, respectively. We conclude that if
qeQ then the integrand in the right-hand side of (110) equals

P6d3

q6ðpp 0Þ3ðd1d2d3Þ2
P

n ANd; qðR2d�1Þ
Sd

qpp 0

d
;
app 0 þ sq

d
; n

� �
Sdðq;�aÞ

� Id bN;� Pd

qpp 0 n

� �
I 3ð�bNÞ þ OðP�AÞ:

If Q < qeP then the integrand is OðP�AÞ. From this observation, (85) and (110) we find
an expression for E

ð2Þ
1 . We change the variable in the integral and obtain
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E
ð2Þ
1 ¼ P4P

ðRÞ

gðpp 0Þ
ðpp 0Þ4

P
ðDÞ

P
d j ðpp 0Þ2

P
qeQ

d3

d1d2d3q6

�
P

n ANd; qðR2d�1Þ

P
sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

P
aðqÞ�

ðapp 0þsq;qpp 0Þ¼d

�
Ð

B 0ðq;aÞ
Sd

qpp 0

d
;
app 0 þ sq

d
; n

� �
Sdðq;�aÞ

� Id b;� Pd

qpp 0 n

� �
I 3ð�bÞ db þ OðP�AÞ:

Proceeding as in Section 3.4.2 we find that the contribution to E
ð2Þ
1 from the terms

with n3 0 is OðV�Þ, where V� is defined by (102).

Let U� be the contribution to E
ð2Þ
1 from the terms with n ¼ 0. Arguing as in Section

3.4.2 we see that U� ¼ U�� þ OðV�Þ, where in U�� the integration is taken over the real
line.

Let us compare the expression U�� with U1, defined by (108). The only di¤erence is
that in the first one we sum over qeQ, whilst in the second the summation is taken over
qeP. Hence we have

E
ð2Þ
1 ¼ U1 þ OðV�Þ þ OðD�Þ;ð111Þ

where

D� ¼ P4R�7P
ðRÞ

P
ðDÞ

P
d j ðpp 0Þ2

ð112Þ

�
P

minðQ;Qdðpp 0Þ�1Þ<qeP

d3jWðd; 0; 0; p; p 0; q; 0; dÞj
d1d2d3q6

;

and where W is defined by (103). Here we have defined D� with a longer range of sum-
mation for q than is needed at this point. We do this because we shall encounter, in the next
section, an error term whose estimation will involve the sum D� as defined above.

3.4.4. The sum E(3)
1 . The object of this section is to establish the asymptotic formula

(121). The main term there coincides with the main terms in (109) and (111). The error
terms in (121) are complicated and we shall estimate them in the next sections.

Consider the quantity J
ð3Þ
1 , defined by (88). We use (29) to get

J
ð3Þ
1 ¼ P2

ðd1d2d3Þ2
P

q1;q2eQ

ðq1q2Þ�3ð113Þ

�
P

a1ðq1Þ�;a2ðq2Þ�
Sdðq2;�a2ÞSdðq1;�a1ÞB

a1

q1
þ s

pp 0 þ
a2

q2

� �
;
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where

BðaÞ ¼
P
n AZ

H 2 n

N

� �
eðnaÞ:ð114Þ

We apply Poisson’s summation formula to obtain

BðaÞ ¼ P2P
k AZ

Ðy
�y

H 2ðtÞe
�
ða� kÞNt

�
dt:

Now we use Lemma 11 and after some standard calculations we find that

BðaÞ ¼ k0P
2 þ OðP�AÞ if a A Z;

OðP�AÞ if kakfPe�2:

�
ð115Þ

Using (85) and (113) we find an expression for E
ð3Þ
1 . Then we take into account (115) to

obtain

E
ð3Þ
1 ¼ Dþ E þ OðP�AÞ;ð116Þ

where D is the contribution of the terms with
a1

q1
þ s

pp 0 þ
a2

q2
A Z and E comes from the

terms with 0 <
a1

q1
þ s

pp 0 þ
a2

q2

				
				 < Pe�2.

Consider E. We have

E ¼ P2P
ðRÞ

gðpp 0Þ
pp 0

P
ðDÞ

ðd1d2d3Þ�1P
n AZ

H 2 n

N

� �
F;

where

F ¼
P

q1;q2eQ

ðq1q2Þ�3 P
sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞð117Þ

�
P

a1ðq1Þ�;a2ðq2Þ�

0<
		a1

q1
þ s

pp 0þ
a2
q2

		<P e�2

Sdðq1;�a1ÞSdðq2;�a2Þe
 
n

a1

q1
þ s

pp 0 þ
a2

q2

� �!
:

Therefore we have

E ¼ OðE�Þ;ð118Þ

where

E� ¼ P2R�1P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
0<n<N

jFj:ð119Þ
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Consider D. If we denote ða1pp 0 þ sq1; q1pp
0Þ ¼ d then it is easy to see that

d j ðpp 0Þ2. The condition a1

q1
þ s

pp 0 þ
a2

q2
A Z implies that q2 ¼ q1pp

0d�1 and

a2 1�ða1pp 0 þ sq1Þd�1 ðq2Þ

and consequently

Sdðq2;�a2Þ ¼ Sd
q1pp

0

d
;
a1pp

0 þ sq1

d

� �
:

We use this observation and (115) to get

D ¼ k0P
4P
ðRÞ

gðpp 0Þ
ðpp 0Þ4

P
ðDÞ

P
d j ðpp 0Þ2

�
P

qeminðQ;Qdðpp 0Þ�1Þ

d3W ðd; 0; 0; p; p 0; q; 0; dÞ
d1d2d3q6

þ OðP�AÞ:

It is now clear that

D ¼ U1 þ OðD�Þ;ð120Þ

where U1 and D� are defined by (108) and (112), respectively.

From (116), (118) and (120) we obtain

E
ð3Þ
1 ¼ U1 þ OðD�Þ þ OðE�Þ:ð121Þ

3.4.5. The estimation of V* and D*. We use definitions (102) and (112) of V� and
D�, respectively, to get

V� fV1 þVp þVp2 þVpp 0 þVp2p 0 þVp2p 0 2 ;ð122Þ

D� fD1 þDp þDp2 þDpp 0 þDp2p 0 þDp2p 0 2 ;ð123Þ

where Vd and Dd are the contributions coming from the corresponding values of d.

The estimations of V1 and Vp are the most di‰cult because the domain of summation
over n is largest in these cases. The other terms from the right hand sides of (122) and (123)
are much simpler.

Two more lemmas. Consider the function

Yðd; n; l; q; h; vÞ ¼
P
aðqÞ�

eqðavÞSdðq; ah2; nÞSdðq;�a;�lÞ:ð124Þ

To emphasize the dependence of q we will write also YðqÞ for simplicity.
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Define

h ¼ hðd; n; l; h; vÞ ¼ ð2hd1d2d3Þ2vþ
P3
i¼1

ðd1d2d3Þ2

d 2
i

ðh2l2i � n2i Þ:ð125Þ

The following lemma holds:

Lemma 17. The function Y is multiplicative with respect to q. Suppose that d1; d2; d3
are squarefree odd numbers. If ðh; 2Þ ¼ 1 then Yð2aÞf ð2aÞ4. If ðq; 2hÞ ¼ 1 then

jYðqÞje q3
�
qxðq; dÞ; hðd; n; l; h; vÞ

�
:ð126Þ

Proof. First we note that if ðq1; q2Þ ¼ ða1; q1Þ ¼ ða2; q2Þ ¼ 1 then the following sim-
ple identity holds:

eq1q2
�
ða1q2 þ a2q1Þm

�
¼ eq1

�
ða1q22Þm

�
eq2
�
ða2q21Þm

�
:ð127Þ

The multiplicativity of Y with respect to q is an easy consequence of (127) and
Lemma 2 (i). If ðh; 2Þ ¼ 1 then the estimate Yð2aÞf ð2aÞ4 follows from Lemma 2 (iii).

It remains to prove (126) provided that ðq; 2hÞ ¼ 1. It is enough to establish that for
any prime pF 2h and for any integer k we have

jYðpkÞje p3k
�
pkxðpk; dÞ; h

�
:ð128Þ

We may suppose that ni; li 1 0
�
ðpk; d 2

i Þ
�
because otherwise, according to Lemma 2 (ii), we

have Y ¼ 0 and (128) is true.

Let di ¼ pmi ei, where pF ei. Then mi ¼ 0 or mi ¼ 1 and ðpk; d 2
i Þ ¼ pni , where

ni ¼ minðk; 2miÞ. Let n 0
i ¼ ni p

�ni and l 0i ¼ li p
�ni . We have by Lemma 2 (ii) and (iv)

YðpkÞ ¼
Q3
i¼1

 
�1

pk�ni

� �
p2niS2ðpk�ni ; 1Þ

!
rðpkÞ;

where

rðpkÞ ¼
P

aðpkÞ�
epkðavÞ

Q3
i¼1
ni<k

epk�ni

�
ð4ae2i Þpk�ni

�
l 0i
2 � ðh2Þpk�ni n

0
i
2��

:

Applying Lemma 2 (iii) we get

jYðpkÞje p3kþn1þn2þn3 jrðpkÞj:ð129Þ

Consider rðpkÞ. It is easy to see that if pFA then epk

�
ðAÞpkpn

�
¼ epk�n

�
ðAÞpk�n

�
.

Hence

rðpkÞ ¼
P

aðpkÞ�
epk

�
avþ

P3
i¼1
ni<k

pnið4ae2i Þpk

�
l 0i
2 � ðh2Þpkn

0
i
2��

:
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We can already drop the condition ni < k from the domain of summation of the inner sum
because the terms with ni ¼ k do not contribute to rðpkÞ. We obtain

rðpkÞ ¼
P

aðpkÞ�
epk

��
að2he1e2e3Þ2

�
h 0� ¼ cpkðh 0Þ;

where cqðnÞ is the Ramanujan sum, defined by (4), and

h 0 ¼ ð2he1e2e3Þ2vþ
P3
i¼1

pniðe1e2e3Þ2e�2
i ðh2l 0i

2 � n 0
i
2Þ:

Lemma 5 gives

jrðpkÞje ðpk; h 0Þ:ð130Þ

Therefore using (129) and (130) we get

jYðpkÞje p3kþn1þn2þn3ðpk; h 0Þ ¼ p3kðpkþn1þn2þn3 ; h 00Þ;

where h 00 ¼ pn1þn2þn3h 0.

If kf 2 then ni ¼ 2mi and h 00 ¼ h, so the inequality (128) holds.

Consider the case k ¼ 1. Now ni ¼ mi and we have

jYðpÞje p3ðp1þm1þm2þm3 ; h 00Þe p3ðp1þm1þm2þm3 ; h 000Þ;ð131Þ

where

h 000 ¼ pm1þm2þm3h 00 ¼ ð2hd1d2d3Þ2vþ
P3
i¼1

pmiðd1d2d3Þ2d�2
i ðh2l2i � n2i Þ:

It is easy to see that p1þm1þm2þm3 j ðh 000 � hÞ, whence

ðp1þm1þm2þm3 ; h 000Þ ¼ ðp1þm1þm2þm3 ; hÞ:ð132Þ

Using (131) and (132) we conclude that (128) is true for k ¼ 1 as well. The lemma is
proved. r

Lemma 18. Suppose that H is an integer such that ReHe 4R2 and let

DðHÞ ¼
P

d1;d2;d3eD

P
qePHR�2

P
jvjeP

ð133Þ

�
P

n ANd; qðHÞ

P
l ANd; q

�
qxðq; dÞ; hðd; n; l;H; vÞ

�
qd1d2d3ð1þ jvjÞlðd; n; l;HÞ :

The following estimate holds:

DðHÞf ðPH 2R�2 þH 3ÞD6P10e:ð134Þ
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Proof. We have

DðHÞfD 0 þD 00;ð135Þ

where D 0 is the contribution of the terms for which hðd; n; l;H; vÞ ¼ 0, and D 00 is the con-
tribution of the other terms.

Consider D 00. In this case the quantity h� ¼ xðq; dÞ�1h is a non-zero integer because n
and l satisfy the congruence conditions imposed in the definitions (60) and (61) of Nd;qðHÞ
and Nd;q, respectively. It is easy to see that

P
qePHR�2

ðq; h�Þq�1fPe. Hence, using (69), we
get

D 00 f
P

d1;d2;d3eD

P
hijd 2

i

i¼1;2;3

h1h2h3

d1d2d3
ð136Þ

�
P

n AN�

P
l ANd; 1

lðd; n; l;HÞ�1 P
jvjeP
h30

1

1þ jvj
P

qePHR�2

ðq;d 2
i Þ¼hi

i¼1;2;3

ðq; h�Þ
q

fP2eH;

where

H ¼
P

d1;d2;d3eD

P
hijd 2

i

i¼1;2;3

h1h2h3

d1d2d3

P
n AN�

P
l ANd; 1

lðd; n; l;HÞ�1

and

N� ¼ fn A Z3 : jnije 4diHPe; ni 1 0 ðhiÞ; i ¼ 1; 2; 3g:

We have

HfH 0 þH 00;ð137Þ

where H 0 is the contribution of the terms with l ¼ 0 and H 00 is the contribution of the
other terms.

Consider H 00. According to (65) and Lemma 13 we have

P
l ANd; 1

l30

lðd; n; l;HÞ�1 f
P

l ANd; 1

lðd; 0; lÞ�1 fD3Pe:

Our assumption (83) implies that DeR1=6 and we also have ReH. Thus
hi e d 2

i e diDe diH, and we easily get

P
n AN�

1fH 3P3e d1d2d3

h1h2h3
:
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Therefore

H 00 fH 3D6P7e:ð138Þ

Consider H 0. First we estimate the quantity

B ¼
P

n AN�
lðd; n; 0;HÞ�1:

We have

Bf 1þB1 þB2 þB3;

where Bn comes from the terms with jnnjd�1
n ¼ max

i¼1;2;3
ðjnijd�1

i Þ > 0. Consider, for example,

B1. Using again the inequalities DeR1=6 and ReH we obtain

B1 fH 2 P
1en1e4d1HP e

n110 ðh1Þ

d 2
1

n21
1þ d2n1

h2d1

� �
1þ d3n1

h3d1

� �
fH 3Pe d1d2d3

h1h2h3
:

Obviously, the same estimate holds for B as well. Therefore

H 0 ¼
P

d1;d2;d3eD

P
hijd 2

i

i¼1;2;3

h1h2h3

d1d2d3
BfH 3D3P2e:ð139Þ

The estimates (136)–(139) imply

D 00fH 3D6P9e:ð140Þ

Now consider D 0. We have

D 0 f
P

d1;d2;d3eD

P
qePHR�2

xðq; dÞ
d1d2d3

X;ð141Þ

where

X ¼
P

jvjeP

P
l ANd; q

P
n ANd; qðHÞ

h¼0

�
ð1þ jvjÞlðd; n; l;HÞ

��1
:

We divide X into two parts:

X ¼ X 0 þX 00;ð142Þ

where X 0 is the contribution from the terms with l ¼ 0 and X 00 comes from the other terms.

Consider X 00. Using (65) we get

X 00f
P

l ANd; q

lðd; 0; lÞ�1 P
jvjeP

Kðd; l; q;H; vÞ
ð1þ jvjÞ ;

where K is the number of n A Nd;qðHÞ such that hðd; n; l;H; vÞ ¼ 0.
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Let us estimate K. There are O
�
HPed1ðq; d 2

1 Þ
�1� admissible values of n1. If

d; l;H; v; n1 are fixed then the equation h ¼ 0 determines at most OðPeÞ pairs n2; n3.
Therefore

Kðd; l; q;H; vÞfHP2ed1ðq; d 2
1 Þ

�1

and, according to Lemma 13,

X 00fP4eD3Hd1ðq; d 2
1 Þ

�1:ð143Þ

Consider X 0. The contribution to X 0 coming from n ¼ 0 is OðPeÞ. Using (65) and
(125) we conclude that if n3 0 and hðd; n; 0;H; vÞ ¼ 0 then we have v > 0 and
lðd; n; 0;HÞ�1 f v�1. Therefore

X 0 fPe þ
P

1eveP

v�2Kðd; 0; q;H; vÞfHP2ed1ðq; d 2
1 Þ

�1:ð144Þ

From (141)–(144) and Lemma 14 we obtain

D 0 fP1þ6eH 2D6R�2:ð145Þ

The estimate (134) is a consequence of (135), (140) and (145).

This completes the proof of the lemma. r

Consider V1 and D1. We use (102), (112) and the definitions of V1 and D1, given at
the beginning of this section. We note that if ða; qÞ ¼ ðs; pp 0Þ ¼ 1 then the conditions
ðq; pp 0Þ ¼ 1 and ðapp 0 þ sq; qpp 0Þ ¼ 1 are equivalent. We impose the first of these condi-
tions in the domain of summation over q and omit the second from the domain of sum-
mation over a. We obtain

V1 fP2þ2eR�7P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
qeP

ðq;pp 0Þ¼1

q�4ð146Þ

�
P

n ANd; qðR2Þ

P
l ANd; q

P
jvjeP

jW1ðd; n; l; p; p 0; q; vÞj
ð1þ jvjÞlðd; n; l;R2Þ

and

D1 fP4R�7P
ðRÞ

P
ðDÞ

P
Qðpp 0Þ�1<qeP

ðq;pp 0Þ¼1

jW1ðd; 0; 0; p; p 0; q; 0Þj
q6d1d2d3

;ð147Þ

where

W1ðd; n; l; p; p 0; q; vÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P
aðqÞ�

eqðavÞSdðqpp 0; app 0 þ sq; nÞSdðq;�a;�lÞ:
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We apply Lemma 2 (i) and (iv) and find that

S
�
qpp 0; ðapp 0 þ sqÞd 2

i ; ni
�
¼ S

�
q; aðpp 0Þ2d 2

i ; ni
�
Sðpp 0; sq2d 2

i ; niÞð148Þ

¼ S
�
q; aðpp 0Þ2d 2

i ; ni
�
Sðpp 0; 1Þ s

pp 0

� �
epp 0
�
�ð4sq2d 2

i Þn2i
�
:

Therefore, using (4), (8), (124), (148) and Lemmas 2 (iii) and 4 we find

W1ðd; n; l; p; p 0; q; vÞ ¼ S3ðpp 0; 1ÞK
�
pp 0;�N;�ð4q2Þ

P3
i¼1

ðd 2
i Þn2i

�
ð149Þ

�Yðd; n; l; q; pp 0; vÞ

fR4jYðd; n; l; q; pp 0; vÞj:

We represent each qeP, satisfying ðq; pp 0Þ ¼ 1, in the form q ¼ 2at, where ðt; 2pp 0Þ ¼ 1.
Hence, using Lemma 17, we get

Yðd; n; l; q; pp 0; vÞf ð2aÞ4t3
�
txðt; dÞ; hðd; n; l; pp 0; vÞ

�
;ð150Þ

where x and h are defined by (69) and (125), respectively.

Obviously ðq; d 2
i Þ ¼ ðt; d 2

i Þ, hence using (60) and (61) we get

Nd;qðR2Þ ¼ Nd; tðR2Þ; Nd;q ¼ Nd; t:ð151Þ

Formulas (149)–(151) imply

P
qeP

ðq;pp 0Þ¼1

P
n ANd; qðR2Þ

P
l ANd; q

jW1ðd; n; l; p; p 0; q; vÞj
q4lðd; n; l;R2Þð152Þ

fR4 P
2aeP

P
teP2�a

ðt;2pp 0Þ¼1

P
n ANd; tðR2Þ

P
l ANd; t

�
txðt; dÞ; hðd; n; l; pp 0; vÞ

�
tlðd; n; l;R2Þ

fR4Pe
P
qeP

ðq;pp 0Þ¼1

P
n ANd; qðR2Þ

P
l ANd; q

�
qxðq; dÞ; hðd; n; l; pp 0; vÞ

�
qlðd; n; l;R2Þ :

From (133), (146) and (152) we obtain

V1 fP2þ3eR�3P
ðRÞ

Dðpp 0Þ:

Now we apply Lemma 18 to get

V1f ðP3Rþ P2R5ÞD6P15e:ð153Þ

The estimation of D1 is much easier. We use (124), (149) and Lemma 2 (ii) and (iii) to get
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W1ðd; 0; 0; p; p 0; q; 0ÞfR4q4xðq; dÞ:

We substitute this estimate for W1 in (147). Then we apply Lemma 14 and after some cal-
culations we obtain

D1fP4þ5eQ�1D3R:ð154Þ

Actually, a stronger estimate for D1 is available because in this particular case the Kloos-
terman sum reduces to Ramanujan’s sum. This improvement, however, would not have
any influence on our final result.

Consider Vp and Dp. We use (102), (112) and the definitions of Vp and Dp. If
ðapp 0 þ sq; qpp 0Þ ¼ p then pjq and p 0 F q, so we impose these conditions in the range of

summation over q. As p 0 F app 0 þ sq and ap 0 þ s
q

p
;
q

p

� �
¼ 1 we can relax the condition on

a to ap 0 þ s
q

p
; p

� �
¼ 1. We put q ¼ rp and get

Vp fP2þ2eR�8P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
rePR�1

ðr;p 0Þ¼1

r�4ð155Þ

�
P

n ANd; rðRÞ

P
l ANd; r

P
jvjeP

jW2ðd; n; l; p; p 0; r; vÞj
ð1þ jvjÞlðd; n; l;RÞ

and

Dp fP4R�10P
ðRÞ

P
ðDÞ

P
Qðpp 0Þ�1<rePR�1

ðr;p 0Þ¼1

jW2ðd; 0; 0; p; p 0; r; 0Þj
r6d1d2d3

;ð156Þ

where

W2ðd; n; l; p; p 0; r; vÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P

aðrpÞ�
ðap 0þsr;pÞ¼1

erpðavÞSdðrpp 0; ap 0 þ sr; nÞSdðrp;�a;�lÞ:

We represent each rePR�1 satisfying ðr; p 0Þ ¼ 1 in the form

r ¼ r0r1t;ð157Þ

where

r0 ¼ 2a; r1 ¼ pb; ðt; 2pp 0Þ ¼ 1:ð158Þ

We note that

Nd; rðRÞ ¼ Nd; tðRÞ; Nd; r ¼ Nd; t:ð159Þ
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It is clear that the set

fcp 0 þ c 0p : cðpÞ�; c 0ðp 0Þ�gð160Þ

is a reduced system of residues modulo pp 0. Similarly, the set

fa0r1ptþ a1r0tþ br0r1p : a0ðr0Þ�; a1ðr1pÞ�; bðtÞ�g

is a reduced system of residues modulo r0r1pt ¼ rp.

It is easy to see that if s ¼ cp 0 þ c 0p and a ¼ a0r1ptþ a1r0tþ br0r1p then the condi-
tion ðap 0 þ sr; pÞ ¼ 1 is equivalent to ða1 þ cr1; pÞ ¼ 1. From these observations, (127) and
the elementary properties of the Jacobi symbol we obtain

W2ðd; n; l; p; p 0; r0r1t; vÞð161Þ

¼ p 0

p

� �
p

p 0

� � P
cðpÞ�

P
c 0ðp 0Þ�

c

p

� �
c 0

p 0

� �
epð�cNÞep 0 ð�c 0NÞ

�
P

a0ðr0Þ�

P
a1ðr1 pÞ�

ða1þcr1;pÞ¼1

P
bðtÞ�

� er0
�
a0ðr1ptÞ2v

�
er1 p
�
a1ðr0tÞ2v

�
et
�
bðr0r1pÞ2v

�
S 0S 00;

where

S 0 ¼ Sd

�
r0r1ptp

0; ða0r1ptþ a1r0tþ br0r1pÞp 0 þ ðcp 0 þ c 0pÞr0r1t; n
�

and

S 00 ¼ Sd

�
r0r1pt;�ða0r1ptþ a1r0tþ br0r1pÞ;�l

�
:

We use (8) and Lemma 2 (i) to get

S 0 ¼ Sd

�
p 0; c 0ðr0r1ptÞ2; n

�
ð162Þ

� Sd

�
r0; a0ðr1ptp 0Þ2; n

�
� Sd

�
r1p; ða1 þ cr1Þðr0tp 0Þ2; n

�
� Sd

�
t; bðr0r1pp 0Þ2; n

�
and

S 00 ¼ Sd

�
r0;�a0ðr1ptÞ2;�l

�
ð163Þ

� Sd

�
r1p;�a1ðr0tÞ2;�l

�
� Sd

�
t;�bðr0r1pÞ2;�l

�
:
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From (124) and (161)–(163) we get

W2ðd; n; l; p; p 0; r0r1t; vÞ ¼
p 0

p

� �
p

p 0

� �
W 0

2W
ð0Þ
2 W

ð1Þ
2 W

ð2Þ
2 ;ð164Þ

where

W 0
2 ¼

P
c 0ðp 0Þ�

c 0

p 0

� �
ep 0 ð�c 0NÞSd

�
p 0; c 0ðr0r1ptÞ2; n

�
;

W
ð0Þ
2 ¼ Yðd; n; l; r0; p 0; vÞ;

W
ð1Þ
2 ¼

P
cðpÞ�

c

p

� �
epð�cNÞ

P
a1ðr1 pÞ�

ða1þcr1;pÞ¼1

er1 p
�
a1ðr0tÞ2v

�

� Sd

�
r1p; ða1 þ cr1Þðr0tp 0Þ2; n

�
Sd

�
r1p;�a1ðr0tÞ2;�l

�
;

W
ð2Þ
2 ¼ Yðd; n; l; t; p 0; vÞ:

From (4), (8) and Lemmas 2 (iii), (iv) and 4 we get

W 0
2 ¼ S3ðp 0; 1ÞK

�
p 0;�N;�

P3
i¼1

4ðr0r1ptdiÞ2n2i
�
fR2:ð165Þ

Applying only (8) and Lemma 2 (iii) we find that

W
ð1Þ
2 f r41R

5:ð166Þ

Finally, Lemma 17 implies

W
ð0Þ
2 f r40ð167Þ

and

W
ð2Þ
2 f t3

�
txðt; dÞ; hðd; n; l; p 0; vÞ

�
:ð168Þ

Taking into account (157)–(159) and (164)–(168) we obtain

P
rePR�1

ðr;p 0Þ¼1

P
n ANd; rðRÞ

P
l ANd; r

jW2ðd; n; l; p; p 0; r; vÞj
r4lðd; n; l;RÞð169Þ

f
P

2aeP

P
pbeP

P
tePR�1

ðt;2pp 0Þ¼1

P
n ANd; tðRÞ

P
l ANd; t

�
R2ð2aÞ4R5ðpbÞ4t3

�
txðt; dÞ; hðd; n; l; p 0; vÞ

�
ð2apbtÞ4lðd; n; l;RÞ

fPeR7 P
qePR�1

ðq;p 0Þ¼1

P
n ANd; qðRÞ

P
l ANd; q

�
qxðq; dÞ; hðd; n; l; p 0; vÞ

�
qlðd; n; l;RÞ :
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From (155) and (169) we get

Vp fP2þ3eR�1P
ðRÞ

Dðp 0Þ;

where DðHÞ is defined by (133). It remains to apply Lemma 18 and we find

Vp f ðP3Rþ P2R4ÞD6P15e:ð170Þ

The estimation of Dp is much simpler. For any r satisfying the conditions imposed in
(156) we have

W2ðd; 0; 0; p; p 0; r; 0ÞfR7r4xðr; dÞ:ð171Þ

To prove this inequality we first represent r in the form (157), where r0; r1; t satisfy
(158). Then we use formula (164), inequalities (165)–(167) as well as the inequality

W
ð2Þ
2 f t4xðt; dÞ, which is a weak version of (168). The estimate (171) follows.

From (69), (156), (171) and Lemma 14 we obtain

DpfP4þ3eQ�1D3R:ð172Þ

Here again a sharper estimate is available, but this is of no importance for our result.

Consider Vp2 and Dp2 . If ðapp 0 þ sq; qpp 0Þ ¼ p2 then pjq, p2 F q, p 0 F q. We put
q ¼ rp. The condition ðapp 0 þ sq; qpp 0Þ ¼ p2 is equivalent to ap 0 þ sr1 0 ðpÞ and,
obviously, Nd;q ¼ Nd; r. We use (102) and (112) to get

Vp2 fP2þ2eR�5P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
rePR�1

ðr;pp 0Þ¼1

r�4ð173Þ

�
P

n ANd; r

P
l ANd; r

P
jvjeP

jW3ðd; n; l; p; p 0; r; vÞj
ð1þ jvjÞlðd; n; lÞ

and

Dp2 fP4R�7P
ðRÞ

P
ðDÞ

P
Qð4RÞ�1<rePR�1

ðr;pp 0Þ¼1

jW3ðd; 0; 0; p; p 0; r; 0Þj
r6d1d2d3

;ð174Þ

where

W3ðd; n; l; p; p 0; r; vÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P

aðrpÞ�
ap 0þsr10 ðpÞ

erpðavÞSd

�
rp 0; ðap 0 þ srÞp�1; n

�
Sdðrp;�a;�lÞ:

We use (69) and Lemma 2 (ii) and (iii) to get

W3ðd; n; l; p; p 0; r; vÞf r4R5xðr; dÞ:ð175Þ
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From (72), (173), (175) and Lemma 15 we obtain

Vp2 fP2þ3eR2YðPR�1ÞfP3þ10eRD6:ð176Þ

To estimate Dp2 we apply (174), (175) and Lemma 14. We get

Dp2 fP4þ3eQ�1D3R:ð177Þ

Consider VppO and DppO. If ðapp 0 þ sq; qpp 0Þ ¼ pp 0 then pp 0 j q. We put q ¼ rpp 0 and
find

Vpp 0 fP2þ2eR�9P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
rePR�2

r�4ð178Þ

�
P

n ANd; r

P
l ANd; r

P
jvjeP

jW4ðd; n; l; p; p 0; r; vÞj
ð1þ jvjÞlðd; n; lÞ ;

and

Dpp 0 fP4R�13P
ðRÞ

P
ðDÞ

P
Qð2RÞ�2<rePR�2

jW4ðd; 0; 0; p; p 0; r; 0Þj
r6d1d2d3

;ð179Þ

where

W4ðd; n; l; p; p 0; r; vÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P

aðrpp 0Þ�
ðaþsr; rpp 0Þ¼1

erpp 0 ðavÞSdðrpp 0; aþ sr; nÞSdðrpp 0;�a;�lÞ:

Using (69) and Lemma 2 (ii) and (iii) we get

W4ðd; n; l; p; p 0; r; vÞfR10r4xðr; dÞ:ð180Þ

From (72), (178), (180) and Lemma 15 we get

Vpp 0 fP2þ3eR3YðPR�2ÞfP3þ10eRD6:ð181Þ

Similarly, using (179), (180) and Lemma 14 we obtain

Dpp 0 fP4þ3eQ�1D3R:ð182Þ

Consider Vp2pO and Dp2pO. If ðapp 0 þ sq; qpp 0Þ ¼ d ¼ p2p 0 then the conditions
jnije 4diR

2d�1Pe imply n ¼ 0. We have also pp 0 j q, p2 F q. We put q ¼ rpp 0 and find

Vp2p 0 fP2þ2eR�6P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
rePR�2

ðr;pÞ¼1

r�4ð183Þ

�
P

l ANd; r

P
jvjeP

jW5ðd; l; p; p 0; r; vÞj
ð1þ jvjÞ lðd; 0; lÞ
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and

Dp2p 0 fP4R�10P
ðRÞ

P
ðDÞ

P
Qðpp 0Þ�1<rePR�2

ðr;pÞ¼1

jW5ðd; 0; p; p 0; r; 0Þj
r6d1d2d3

;ð184Þ

where

W5ðd; l; p; p 0; r; vÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P

aðrpp 0Þ�
ðaþsr; rpp 0Þ¼p

erpp 0 ðavÞSd

�
rp 0; ðaþ srÞp�1

�
Sdðrpp 0;�a;�lÞ:

We note again that the set (160) is a reduced system of residues modulo pp 0. Simi-
larly, the set

fbpþ hrp 0 : bðrp 0Þ�; hðpÞ�g

is a reduced system of residues modulo rpp 0.

If s ¼ cp 0 þ c 0p and a ¼ bpþ hrp 0 then the condition ðaþ sr; rpp 0Þ ¼ p is equivalent
to the system of conditions ðbþ c 0r; rp 0Þ ¼ 1 and hþ c1 0 ðpÞ and we have

Sd

�
rp 0; ðaþ srÞp�1

�
¼ Sdðrp 0; bþ c 0rÞ:

Furthermore, using Lemma 5 we also get

Sdðrp 0p;�a;�lÞ ¼ Sdðrp 0;�bp2;�lÞSd

�
p;�hðrp 0Þ2;�l

�
:

From (127) and Lemma 2 (ii)–(iv) we obtain

W5ðd; l; p; p 0; r; vÞ ¼ p

p 0

� �
p 0

p

� �
S3ðp; 1Þð185Þ

� K

 
p;�N;�ðrp 0Þ2

�
vþ

P3
i¼1

ð4d 2
i Þl2i

�!

�
P

c 0ðp 0Þ

c 0

p 0

� �
ep 0 ð�c 0NÞ

P
bðrp 0Þ�

ðbþc 0r; rp 0Þ¼1

erp 0
�
ðbp2Þv

�

� Sdðrp 0; bþ c 0rÞSdðrp 0;�bp2;�lÞ

fR7r4xðr; dÞ:

We apply (183), (185) and Lemmas 13 and 14 to get

Vp2p 0 fP3þ10eRD6:ð186Þ

Analogously, from (184), (185) and Lemma 14 we obtain

Dp2p 0 fP4þ5eQ�1D3R:ð187Þ
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Consider V(ppO)2 and D(ppO)2 . If ðapp 0 þ sq; qpp 0Þ ¼ d ¼ ðpp 0Þ2 then the conditions

jnije 4diR
2d�1Pe imply n ¼ 0. We have also pp 0 j q, p2 F q, p 02 F q. We put q ¼ rpp 0 and

find

Vðpp 0Þ2 fP2þ2eR�3P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
rePR�2

ðr;pp 0Þ¼1

r�4ð188Þ

�
P

l ANd; r

P
jvjeP

jW6ðd; l; p; p 0; r; vÞj
ð1þ jvjÞlðd; 0; lÞ

and

Dðpp 0Þ2 fP4R�7P
ðRÞ

P
ðDÞ

P
Qðpp 0Þ�1<rePR�2

ðr;pp 0Þ¼1

jW6ðd; 0; p; p 0; r; 0Þj
r6d1d2d3

;ð189Þ

where

W6ðd; l; p; p 0; r; vÞ ¼
P

sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P

aðrpp 0Þ�
aþsr10 ðpp 0Þ

erpp 0 ðavÞSd

�
r; ðaþ srÞðpp 0Þ�1�

Sdðrpp 0;�a;�lÞ:

We note that the set fbpp 0 þ tr : bðrÞ�; tðpp 0Þ�g is a reduced system of residues
modulo rpp 0. If a ¼ bpp 0 þ tr then the condition aþ sr1 0 ðpp 0Þ is equivalent to
tþ s1 0 ðpp 0Þ. We also have ðaþ srÞðpp 0Þ�1 1 b ðrÞ and

Sdðrpp 0;�a;�lÞ ¼ Sd

�
r;�bðpp 0Þ2;�l

�
Sdðpp 0;�tr2;�lÞ:

We apply (127) and Lemma 2 (ii)–(iv) to find that

W6ðd; l; p; p 0; r; vÞ ¼ S3ðpp 0; 1ÞK
 
pp 0;�N;�r2

�
vþ

P3
i¼1

ð4d 2
i Þl2i

�!
ð190Þ

�
P
bðrÞ�

er
�
bðpp 0Þ2v

�
Sdðr; bÞSd

�
r;�bðpp 0Þ2;�l

�
fR4r4xðr; dÞ:

We use (188), (190) and Lemmas 13 and 14 to find

Vðpp 0Þ2 fP3þ10eRD6:ð191Þ

From (189), (190) and Lemma 14 we obtain

Dðpp 0Þ2 fP4þ5eQ�1D3R:ð192Þ

Conclusion. Using (122), (153), (170), (176), (181), (186) and (191) we find that

V� f ðP3Rþ P2R5ÞD6P15e:ð193Þ
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Respectively, using (123), (154), (172), (177), (182), (187) and (192) we obtain

D� fP4þ5eQ�1D3R:ð194Þ

3.4.6. The estimation of E*. Consider the sum F, defined by (117). We divide it
into parts according to the congruence class of pp 0ða1q2 þ a2q1Þ þ sq1q2 modulo q1q2pp

0.
After some rearrangements we get

F ¼
P

0<jlje4R2Q2P e�2

P
q1;q2eQ

jljðpp 0Þ�1P2�e<q1q2

ðq1q2Þ�3ð195Þ

� e
nl

q1q2pp 0

� � P
sðpp 0Þ�

s

pp 0

� �
epp 0 ð�sNÞ

�
P

a1ðq1Þ�;a2ðq2Þ�
pp 0ða1q2þa2q1Þþsq1q21l ðq1q2pp 0Þ

Sdðq1;�a1ÞSdðq2;�a2Þ:

From this point onwards we assume that

QeP1�eR�1=2:ð196Þ

This inequality implies that in the right hand side of (195) we sum over l satisfying
0 < jlj < R, consequently ðl; pp 0Þ ¼ 1 and ðq1q2; pp 0Þ ¼ 1. Therefore, the congruence con-
dition in the sum over a1; a2 is equivalent to the system of congruences

pp 0ða1q2 þ a2q1Þ1 l ðq1q2Þ; sq1q21 l ðpp 0Þ:

The second congruence determines s uniquely modulo pp 0. Therefore, the sum over s in the
right hand side of (195) has exactly one term corresponding to s1 lq1q2 ðpp 0Þ. Hence we
obtain

F ¼
P

0<jlje4R2Q2P e�2

ðl;pp 0Þ¼1

P
q1;q2eQ

jljðpp 0Þ�1
P2�e<q1q2

ðq1q2;pp 0Þ¼1

ðq1q2Þ�3
e

nl

q1q2pp 0

� �
ð197Þ

� q1q2l

pp 0

� �
� e �Nlq1q2

pp 0

� �
�S;

where

S ¼
P

a1ðq1Þ�;a2ðq2Þ�
pp 0ða1q2þa2q1Þ1l ðq1q2Þ

Sdðq1;�a1ÞSdðq2;�a2Þ:ð198Þ

We represent the integers qi as

qi ¼ gibi; i ¼ 1; 2;ð199Þ

where
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gi ¼
Q
plkqi

pF2d1d2d3ðq1;q2Þ

pl ; i ¼ 1; 2ð200Þ

and where bi are determined by (199). To produce the set of summation over q1; q2 in the
right hand side of (197) we have to sum over the set of all quadruples of integers g1; g2; b1; b2,
satisfying the conditions

g1b1; g2b2 eQ; jljðpp 0Þ�1
P2�e < b1b2g1g2;ð201Þ

ðg1g2; 2pp 0d1d2d3b1b2Þ ¼ ðg1; g2Þ ¼ ðb1b2; pp 0Þ ¼ 1;

rdðb1Þ ¼ rdðb2Þ;

where we have defined

rdðmÞ ¼
Q
pjm

pF2d1d2d3

p:ð202Þ

Consider the sum S. Suppose that q1; q2 satisfy (199) and (201). We note that the sets
faibi þ bigi : aiðgiÞ

�; biðbiÞ
�g, i ¼ 1; 2 are reduced systems of residues modulo qi, i ¼ 1; 2.

Furthermore, if ai ¼ aibi þ bigi, i ¼ 1; 2, then the congruence condition, imposed on the
domain of summation in (198), is equivalent to the system of the following three con-
ditions:

pp 0a1b1b2g2 1 l ðg1Þ; pp 0a2b1b2g1 1 l ðg2Þ;ð203Þ

pp 0g1g2ðb1b2 þ b2b1Þ1 l ðb1b2Þ:ð204Þ

We use Lemma 2 (i) and (iv) to find that under conditions (199), (201) we have

S ¼
P

a1ðg1Þ�;a2ðg2Þ�
ð203Þ

S3ðg1;�a1ÞS3ðg2;�a2Þ �S 0ð205Þ

¼ �pp 0b1b2g2l

g1

� �
�pp 0b1b2g1l

g2

� �
S3ðg1; 1ÞS3ðg2; 1Þ �S 0;

where

S 0 ¼
P

b1ðb1Þ
�;b2ðb2Þ

�

ð204Þ

Sdðb1;�b1ÞSdðb2;�b2Þ:ð206Þ

We decompose F into Oðlog2 PÞ sums FðG1;G2Þ according to the size of gi. In
FðG1;G2Þ we sum over

gi A ðGi; 2Gi�; i ¼ 1; 2:ð207Þ

Consider the sum E�, defined by (119), and denote by EðG1;G2Þ the contribution to E�

coming from FðG1;G2Þ. We have
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E� fPe max
G1;G2eQ

jEðG1;G2Þjð208Þ

and

EðG1;G2ÞfP2R�1P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
0<n<N

jFðG1;G2Þj:ð209Þ

Consider FðG1;G2Þ. We take into account (197), (199)–(201), (205), (207) and find that

FðG1;G2Þ ¼
P

0<jlje4R2Q2P e�2

ðl;pp 0Þ¼1

P
g1;g2;b1;b2
ð201Þ; ð207Þ

ðb1b2g1g2Þ�3ð210Þ

� e
nl

g1g2b1b2pp 0

� �
� g1g2b1b2l

pp 0

� �
� e �Nlðb1b2g1g2Þ

pp 0

 !

� �pp 0b1b2g2l

g1

� �
� �pp 0b1b2g1l

g2

� �

� S3ðg1; 1ÞS3ðg2; 1Þ �S 0;

where S 0 is defined by (206) and where the summation over g1; g2; b1; b2 is restricted to
integers satisfying (201) and (207).

We split further b1 ¼ B1D, b2 ¼ B2D, where D ¼ ðb1; b2Þ. The congruence condition
(204) implies Djl, so we put l ¼ Dv. Now we can simplify this congruence and we write S 0

in the form

S 0 ¼ Xðpp 0g1g2Þ;

where

XðmÞ ¼ XðB1;B2;D; v; mÞð211Þ

¼
P

b1ðDB1Þ�;b2ðDB2Þ�
mðb1B2þb2B1Þ1v ðDB1B2Þ

SdðDB1;�b1ÞSdðDB2;�b2Þ:

We obtain

FðG1;G2Þ ¼
P

0<Djvje4R2Q2P e�2

ðDv;pp 0Þ¼1

P
g1;g2;B1;B2

ð213Þ

S3ðg1; 1ÞS3ðg2; 1Þ
ðB1B2D

2g1g2Þ3
ð212Þ

� e
nv

B1B2Dg1g2pp 0

� �
� B1B2g1g2Dv

pp 0

� �
� e �NvðB1B2Dg1g2Þ

pp 0

 !

� �pp 0B1B2g2Dv

g1

� �
� �pp 0B1B2g1Dv

g2

� �
� Xðpp 0g1g2Þ:

In the formula above the summation over g1; g2;B1;B2 is restricted to integers satisfying the
conditions
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B1Dg1eQ; B2Dg2 eQ; G1 < g1 e 2G1; G2 < g2 e 2G2;ð213Þ

jvjðpp 0Þ�1
P2�e < B1B2Dg1g2; rdðDB1Þ ¼ rdðDB2Þ ¼ rdðDÞ;

ðg1g2; 2pp 0d1d2d3DB1B2Þ ¼ ðg1; g2Þ ¼ ðB1B2D; pp
0Þ ¼ ðB1;B2Þ ¼ 1:

Here we have to verify that if rdðDB1Þ ¼ rdðDB2Þ then the common value of these integers
equals rdðDÞ. This follows easily from the definition of rd and from the properties of the
integers involved.

We shall estimate EðG1;G2Þ by two di¤erent ways.

The first estimate for E(G1,G2). Using Lemma 2 (ii) and (iii) we find that

SdðDBj;�bjÞf ðDBjÞ3=2d1d2d3ð214Þ

and it is easy to see that if ðm;DB1B2Þ ¼ 1 then

P
b1ðDB1Þ�;b2ðDB2Þ�

mðb1B2þb2B1Þ1v ðDB1B2Þ

1fD:ð215Þ

From (211), (214) and (215) we get

XðmÞfD4ðB1B2Þ3=2ðd1d2d3Þ2 if ðm;DB1B2Þ ¼ 1:ð216Þ

Applying Lemma 2 (iii) we get

P
Gi<gie2Gi

g�3
i jS3ðgi; 1Þjf

P
Gi<gie2Gi

g
�3=2
i fG

�1=2
i ; i ¼ 1; 2:ð217Þ

From (209), (212), (216) and (217) we obtain

EðG1;G2ÞfEKðG1;G2Þ;ð218Þ

where

EKðG1;G2Þ ¼ P4RðG1G2Þ�1=2P
ðDÞ

d1d2d3T;ð219Þ

and

T ¼
P

Dve4R2Q2P e�2

D; v>0

D�2 P
B1;B2 ð221Þ

ðB1B2Þ�3=2:ð220Þ

Here we sum over integers B1 and B2 satisfying

B1eQD�1G�1
1 ; B2 eQD�1G�1

2 ;ð221Þ

jvjð16R2DG1G2Þ�1
P2�e

eB1B2; ðB1B2; pp
0Þ ¼ 1;

Heath-Brown and Tolev, Lagrange’s four squares theorem202



rdðDB1Þ ¼ rdðDB2Þ ¼ rdðDÞ:

Using these conditions we get

Tf
P

Dve4R2Q2P e�2

D; v>0

D�2
�
vR�2ðDG1G2Þ�1

P2�e
��3=2

T2
1ð222Þ

fR3ðG1G2Þ3=2P2e�3 P
0<De4R2Q2P e�2

D�1=2T2
1 ;

where

T1 ¼
P
BeP

rdðDBÞ¼rdðDÞ

1:ð223Þ

Consider T1. If rdðDBÞ ¼ rdðDÞ then every prime factor of B divides also 2d1d2d3D.
Hence

T1 e
Py
B¼1

pjB)p j 2d1d2d3D

ðPB�1Þe ¼ Pe Q
p j 2d1d2d3D

ð1þ p�e þ p�2e þ � � �Þð224Þ

ePeð1þ 2�e þ 2�2e þ � � �Þnð2d1d2d3DÞ fP2e:

We substitute this estimate for T1 in (222) and then use (219) to get

EKðG1;G2ÞfG1G2R
5QD6P10e:ð225Þ

From this inequality and (218) we obtain

EðG1;G2ÞfG1G2R
5QD6P10e:ð226Þ

The second estimate for E(G1,G2). Suppose that

G1 eG2:ð227Þ

We use (209), (211), (212), and Lemma 2 (iii) to get

EðG1;G2ÞfP2R�1P
ðRÞ

P
ðDÞ

ðd1d2d3Þ�1 P
0<n<N

P
0<Djvje4R2Q2P e�2

ðDv;pp 0Þ¼1

ð228Þ

�
P

B1;B2 ð221Þ
ðB1B2D

2Þ�3

�
P

G1<g1e2G1

ðg1;2pp 0d1d2d3DB1B2Þ¼1

g
�3=2
1 max

G;G 0:
G2eGeG 0e2G2

jM0j;

where
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M0 ¼
P

G<geG 0

ðg;2pp 0d1d2d3DB1B2g1Þ¼1

g�3S3ðg; 1Þ � e nv

B1B2Dg1gpp 0

� �

� g

pp 0

� �
� e �NvðB1B2Dg1gÞ

pp 0

 !
� g

g1

� �
� �pp 0B1B2g1Dv

g

� �
� Xðpp 0g1gÞ:

We have

M0 ¼
P

lðDB1B2Þ�
Xðpp 0g1lÞM1;ð229Þ

where

M1 ¼
P

G<geG 0

ðg;2pp 0d1d2d3g1Þ¼1
g1l ðDB1B2Þ

g�3S3ðg; 1Þe nv

B1B2Dg1gpp 0

� �
� g

pp 0

� �

� e
�NvðB1B2Dg1gÞ

pp 0

 !
� g

g1

� �
� �pp 0B1B2g1Dv

g

� �
:

From (216) and (229) we get

M0 fD4ðB1B2Þ3=2ðd1d2d3Þ2
P

l ðDB1B2Þ�
jM1j:ð230Þ

We divide M1 into four parts according to the congruence class of g modulo 8. We have

M1 f max
j¼1;3;5;7

jM2ð jÞj;ð231Þ

where the summation in M2ð jÞ is restricted to g1 j ð8Þ.

Define the natural numbers B 0
1;B

0
2;D

0; v 0 by ðB 0
1B

0
2D

0v 0; 2Þ ¼ 1 and B1 ¼ 2m1B 0
1,

B2 ¼ 2m2B 0
2, D ¼ 2m3D 0, jvj ¼ 2m4v 0. Consider any of the sums M2ð jÞ. We use Lemmas 2 (iv)

and 7 to get

jM2ð jÞj ¼ jM3j;ð232Þ

where

M3 ¼
P

G<geG 0

ðg;pp 0d1d2d3g1Þ¼1
g1l ðDB1B2Þ

g1 j ð8Þ

g�3=2e
nv

B1B2Dg1gpp 0

� �
e

�NvðB1B2Dg1gÞ
pp 0

 !
B 0
1B

0
2D

0v 0

g

� �
:

We may assume that j1 l
�
ð8;B1B2DÞ

�
because otherwise the sum M3 would be empty.

Denote

T ¼ ½8;B1B2D�:ð233Þ
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There exists p satisfying ðp;TÞ ¼ 1 and such that the system of congruences g1 l ðDB1B2Þ,
g1 j ð8Þ is equivalent to g1 p ðTÞ. We apply again Lemma 7 to get

jM3j ¼ jM4j;ð234Þ

where

M4 ¼
P

G<geG 0

ðg;pp 0d1d2d3g1Þ¼1
g1p ðTÞ

g�3=2e
nv

B1B2Dg1gpp 0

� �
e

�NvðB1B2Dg1gÞ
pp 0

 !
g

v 0

� �
:

Furthermore, we use (221) and easily find that

d

dx

 
x�3=2e

nv

B1B2Dg1xpp 0

� �!
fPeG

�5=2
2

uniformly for x A ½G2; 2G2�. We apply Abel’s formula to get

M4 fPeG
�3=2
2 max

G 00 A ½G;G 0 �
jM5j;ð235Þ

where

M5 ¼
P

G<geG 00

ðg;pp 0d1d2d3g1Þ¼1
g1p ðTÞ

e
�NvðB1B2Dg1gÞ

pp 0

 !
g

v 0

� �
:

Finally, to get rid of the condition ðg; d1d2d3g1Þ ¼ 1, imposed on g, we use the well known
identity for the Möbius function and obtain

M5 ¼
P

G<geG 00

ðg;pp 0Þ¼1
g1p ðTÞ


 P
d j ðg;d1d2d3g1Þ

mðdÞ
�
e

�NvðB1B2Dg1gÞ
pp 0

 !
g

v 0

� �
ð236Þ

¼
P

d j d1d2d3g1
mðdÞM6;

where

M6 ¼
P

G<geG 00

ðg;pp 0Þ¼1
g1p ðTÞ
g10 ðdÞ

e
�NvðB1B2Dg1gÞ

pp 0

 !
g

v 0

� �
:

We have ðp;TÞ ¼ 1. Hence we can assume that ðd;TÞ ¼ 1 because otherwise the sum M6

would be empty. Therefore we obtain

jM6je jM7j;ð237Þ
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where

M7 ¼
P

Gd�1<geG 00d�1

ðg;pp 0Þ¼1
g1p 0 ðTÞ

e
Mg

pp 0

� �
g

v 0

� �

and

M1�NvðB1B2Dg1dÞðpp 0Þ; p 01 pd ðTÞ:

To estimate M7 we divide it into O
�
G2ðdv 0Tpp 0Þ�1� complete sums and at most one

incomplete sum modulo v 0Tpp 0. We get

M7 fG2ðdv 0Tpp 0Þ�1jM8j þ max
H;H 0

0<H 0�H<v 0Tpp 0

jM9j;ð238Þ

where

M8 ¼
P

gðv 0Tpp 0Þ
ðg;pp 0Þ¼1
g1p 0 ðTÞ

e
Mg

pp 0

� �
g

v 0

� �
; M9 ¼

P
H<geH 0

ðg;pp 0Þ¼1
g1p 0 ðTÞ

e
Mg

pp 0

� �
g

v 0

� �
:

Consider the complete sum M8. First we note that the relevant values of g are all
coprime to v 0Tpp 0. Obviously ðv 0T ; pp 0Þ ¼ 1. Hence we have

M8 ¼
P

h1ðv 0TÞ�;h2ðpp 0Þ�
h1 pp

0þh2v
0T1p 0 ðTÞ

e
Mðh1pp 0 þ h2v 0TÞ

pp 0

 !
h1pp

0 þ h2v
0T

v 0

� �

¼
P

h1ðv 0TÞ�
h1 pp

01p 0 ðTÞ

h1pp
0

v 0

� �
cpp 0 ðMv 0TÞ;

where cpp 0 is the Ramanujan sum, defined by (4). To estimate it we apply Lemma 5. We
also note that the sum over h1 has Oðv 0Þ terms. Therefore we obtain

M8 f v 0:ð239Þ

Consider now the incomplete sum M9. We treat it in the following standard way:

M9 ¼
P

gðv 0Tpp 0Þ
ðg;pp 0Þ¼1
g1p 0 ðTÞ

e
Mg

pp 0

� �
g

v 0

� � P
H<seH 0

ðv 0Tpp 0Þ�1 P
hðv 0Tpp 0Þ

e
hðg� sÞ
v 0Tpp 0

� �

¼ ðv 0Tpp 0Þ�1 P
hðv 0Tpp 0Þ

 P
H<seH 0

e
�hs

v 0Tpp 0

� �!
M10ðhÞ;

where
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M10ðhÞ ¼
P

gðv 0Tpp 0Þ
ðg;pp 0Þ¼1
g1p 0 ðTÞ

g

v 0

� �
e

Mg

pp 0 þ
hg

v 0Tpp 0

� �
:

It is clear that

M9 f
P

jhjev 0Tpp 0
ð1þ jhjÞ�1jM10ðhÞj:ð240Þ

It remains to estimate M10ðhÞ. Again we note that the relevant values of g are all coprime
to v 0Tpp 0 and that ðv 0T ; pp 0Þ ¼ 1. Hence we have

M10ðhÞ ¼
P

t1ðv 0TÞ�; t2ðpp 0Þ
t1 pp

0þt2v
0T1p 0 ðTÞ

t1pp
0 þ t2v

0T

v 0

� �
e

Mðv 0Tt2Þ
pp 0 þ t1h

v 0T
þ t2h

pp 0

 !

¼
P

t1ðv 0TÞ�
t1 pp

01p 0 ðTÞ

t1pp
0

v 0

� �
e

t1h

v 0T

� �
Kðpp 0; h;Mv 0T Þ;

where K is the Kloosterman sum, defined by (4). We estimate it using Lemma 4. Obviously,
the sum over t1 has Oðv 0Þ terms. Hence

M10ðhÞf v 0R:ð241Þ

Inequalities (240) and (241) imply

M9 f v 0RPe:ð242Þ

From (238), (239) and (242) we get

M7f
�
G2ðdTR2Þ�1 þ v 0R

�
Pe:ð243Þ

We take into account (231)–(237) and (243) to find that

M1 f
�
ðG1=2

2 DB1B2R
2Þ�1 þ jvjRG�3=2

2

�
P3e:ð244Þ

To estimate EðG1;G2Þ we use (228), (230) and (244). We get

EðG1;G2ÞfEð1Þ þ Eð2Þ;ð245Þ

where Eð jÞ, j ¼ 1; 2, are the contributions to EðG1;G2Þ coming from the first, respectively,
the second summand from the right hand side of (244). We use (219), (228), (230) and (244)
to find that

Eð1Þ fP3eR�2EKðG1;G2Þ:ð246Þ

Now we apply (225) to get
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Eð1Þ fG1G2R
3D6QP15e:ð247Þ

Consider Eð2Þ. We use (228), (230) and (244) to get

Eð2ÞfP4þ3eR2G
�1=2
1 G

�3=2
2

P
ðDÞ

d1d2d3T
�;ð248Þ

where

T� ¼
P

Dve4R2Q2P e�2

D; v>0

D�1v
P

B1;B2 ð221Þ
ðB1B2Þ�1=2:

It is clear by analogy with (222) that

T� f
P

Dve4R2Q2P e�2

D; v>0

D�1v
�
vR�2ðDG1G2Þ�1

P2�e
��1=2

T2
1 ;ð249Þ

where T1 is defined by (223). Using (224), (248) and (249) we easily find that

Eð2Þ fR6Q3G�1
2 D6P10e:ð250Þ

From (227), (245), (247) and (250) we find

EðG1;G2Þf
�
G1G2R

3Qþ R6Q3
�
maxðG1;G2Þ

��1�
D6P15e:ð251Þ

Conclusion. Let H be a parameter which we choose below. If G1;G2 eH then we
use the first estimate (226) for EðG1;G2Þ. If H < maxðG1;G2ÞeQ then we use the second
estimate, given by (251). We obtain

EðG1;G2Þf ðR5H 2Qþ R3Q3 þ R6H�1Q3ÞD6P15e:ð252Þ

We choose H ¼ R1=3Q2=3 and use (208) and (252) to obtain

E�f ðR3Q3 þ R17=3Q7=3ÞD6P16e:ð253Þ

3.4.7. The estimate for E1. The terms E
ðiÞ
1 , i ¼ 1; 2; 3 from the expression (84) for E1

satisfy the asymptotic formulas (109), (111) and (121), respectively. The quantities V�;D�

and E�, included in the O—terms of these formulas satisfy (193), (194) and (253). Therefore
we obtain

E1f ðP3D6Rþ P2D6R5 þ P4Q�1D3RþQ3D6R3 þQ7=3D6R17=3ÞP20e:ð254Þ

3.5. Proof of Proposition 1. Consider the sum EðD;QÞ, defined by (31). From (41)
and (43) we get

EðD;QÞf ðPR�2jE1j þ PR�1E2Þ1=2Pe:

To estimate E2 we use (82):

E2f ðP3D6 þ P4D3Q�1ÞP9e:
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Similarly, for E1 we use the estimate (254), given above. We obtain

EðD;QÞf ðP2D3R�1=2 þ P3=2D3R3=2 þ P5=2Q�1=2D3=2R�1=2ð255Þ

þ P1=2Q3=2D3R1=2 þ P1=2Q7=6D3R11=6ÞP12e:

The parameters D, Q, R satisfy the conditions (39), (40), (42), (83) and (196):

QeP1�e;

D ¼ Pa0 where a0 A ð0; 1Þ;

R ¼ Pa1 where a1 A ð0; 1Þ;

DeR1=6P�10e;

P1þ20eD3R�1
eQ;

QeP1�eR�1=2:

It is not di‰cult to see that the optimal choice (up to a power of Pe) of these
parameters is

R ¼ P5=23; Q ¼ P20=23; D ¼ P2=69�10e:ð256Þ

From (255) and (256) we obtain

EðD;QÞfP2�e:ð257Þ

This completes the proof of Proposition 1. r

3.6. Proof of Proposition 2.

3.6.1. Beginning. Let us write bðdÞ ¼ b1ðd1Þb2ðd2Þb3ðd3Þ for brevity and consider
the sum

H1 ¼
P
ðDÞ

bðdÞLdðNÞ:ð258Þ

We use (28), (30), (34) and Proposition 1 to get

H1 ¼
P
ðDÞ

bðdÞ
P
peP

WdðN � p2Þ ¼ H2 þ OðP2�eÞ;ð259Þ

where

H2 ¼
P
ðDÞ

bðdÞ
P
peP

Md;QðN � p2Þ:ð260Þ

Here Md;Q is defined by (29) and Q satisfies (32). We use (29) and change the order of
summation to find that
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H2 ¼ P
P
ðDÞ

bðdÞ
d1d2d3

P
qeQ

q�3 P
aðqÞ�

Sdðq; aÞ
P

t0P<peP

H 1� p2

N

� �
eq
�
aðp2 �NÞ

�
;

where t0 ¼ ð1� t2Þ1=2 A ð0; 1Þ and t2 is specified in Lemma 11. Now we apply Abel’s for-
mula to get

H2 ¼ �P
ÐP
t0P

BðxÞ d

dx

 
H 1� x2

N

� �!
dx;ð261Þ

where

BðxÞ ¼
P
ðDÞ

bðdÞ
d1d2d3

P
qeQ

q�3 P
aðqÞ�

Sdðq; aÞZðxÞð262Þ

and

ZðxÞ ¼ Z ¼
P

t0P<pex

eq
�
aðp2 �NÞ

�
:ð263Þ

Consider the sum Z. We divide it into subsums according to the congruence class m of p
modulo q. There is no contribution from m such that ðm; qÞ > 1. Therefore we get

Z ¼
P

mðqÞ�
eq
�
aðm2 �NÞ

��
pðx; q;mÞ � pðt0P; q;mÞ

�
ð264Þ

¼ 1

jðqÞ
Ðx
t0P

dt

log t
eqð�aNÞTðq; aÞ

þ
P

mðqÞ�
eq
�
aðm2 �NÞ

��
Dðx; q;mÞ � Dðt0P; q;mÞ

�
;

where Dðx; q;mÞ and Tðq; aÞ are defined by (3) and (7), respectively.

From (262)–(264) we get

BðxÞ ¼ B0

Ðx
t0P

dt

log t
þ CðxÞ � Cðt0PÞ;ð265Þ

where

CðxÞ ¼
P
ðDÞ

bðdÞ
d1d2d3

P
qeQ

q�3ð266Þ

�
P
aðqÞ�

Sdðq; aÞ
P

mðqÞ�
eq
�
aðm2 �NÞ

�
Dðx; q;mÞ;

B0 ¼
P
ðDÞ

bðdÞ
d1d2d3

P
qeQ

hdðqÞð267Þ

and where hdðqÞ is defined by (9).
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3.6.2. The estimation of C(x). Consider the sum CðxÞ. We expect that it is negligible
because it depends on the quantity Dðx; q;mÞ, which is small on average with respect to q

and m. More precisely, we shall prove that if t0Pe xeP then we have

CðxÞfPðlogPÞ�A:ð268Þ

It is clear that

CðxÞ ¼
P
qeQ

P
mðqÞ�

Gðq;mÞDðx; q;mÞ;

where

Gðq;mÞ ¼ q�3P
ðDÞ

bðdÞ
d1d2d3

zdðq;mÞð269Þ

and

zdðq;mÞ ¼
P
aðqÞ�

Sdðq; aÞeq
�
aðm2 �NÞ

�
:ð270Þ

Obviously, Gðq;mÞ is always real. Using Cauchy’s inequality we get

jCðxÞj2 eLM;ð271Þ

where

L ¼
P
qeQ

P
mðqÞ�

Dðx; q;mÞ2;ð272Þ

M ¼
P
qeQ

P
mðqÞ�

Gðq;mÞ2:ð273Þ

We estimate L using Lemma 1. Consider the sum M. We shall prove that

Mf ðlogPÞCð274Þ

for some absolute constant C > 0. Then we will take into account (271) and the proof of
(268) will be complete.

From (269) and (270) we get

M ¼
P

d1;d2;d3eD
h1;h2;h3eD

bðdÞbðhÞ
d1d2d3h1h2h3

P
qeQ

lðq; d; hÞ;ð275Þ

where

lðq; d; hÞ ¼ q�6 P
mðqÞ�

zdðq;mÞzhðq;mÞ:ð276Þ

Applying Lemma 2 (i) we easily see that the function l is multiplicative with respect to q.
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From (35) we conclude that the relevant values of d and h are vectors with odd com-
ponents. Furthermore, we use (270), (276) and Lemma 2 (vi) and find that

lð2 l ; d; hÞf 1:ð277Þ

Consider lðpl ; d; hÞ, where p > 2 is a prime. Assume that

paikdi; pbikhi; ni ¼ minðl; 2aiÞ; mi ¼ minðl; 2biÞ:ð278Þ

Using (4) and Lemma 2 (ii) and (iv) we get

zdðpl ;mÞ ¼ z�dðpl ;mÞ
Q3
i¼1

�
pniSðpl�ni ; 1Þ

�
;ð279Þ

where

z�dðpl ;mÞ ¼
cpl ðm2 �NÞ if n1 þ n2 þ n3 1 l ð2Þ;
P

að plÞ�

a

p

� �
epl

�
aðm2 �NÞ

�
if n1 þ n2 þ n3 E l ð2Þ:

8><
>:ð280Þ

From (276), (278)–(280) and Lemma 2 (v) we obtain

jlðpl ; d; hÞje p�6l

�Q3
i¼1

plþ1
2
ðniþmiÞ

� P
mðplÞ�

jz�dðpl ;mÞz�hðpl ;mÞjð281Þ

e p�3lþ1
2
ðn1þn2þn3þm1þm2þm3ÞðT1 þ T2Þ;

where

T1 ¼
P

mðplÞ�
jcpl ðm2 �NÞj2;ð282Þ

T2 ¼
P

mðplÞ�

���� P
aðplÞ�

a

p

� �
epl

�
aðm2 �NÞ

�����
2

:ð283Þ

We shall prove that

T1 e 3p2l ; T2 e 3p2l :ð284Þ

These inequalities and (281) imply that for any prime p > 2 and for any integer l we have

jlðpl ; d; hÞje 6p�lþ1
2
ðn1þn2þn3þm1þm2þm3Þ:ð285Þ

From (277), (278) and (285) we obtain

P
qeQ

lðq; d; hÞf
P

2aeQ

P
meQ

ðm;2Þ¼1

lðm; d; hÞð286Þ

f ðlogPÞ
P

meQ

6nðmÞ

m

Q3
i¼1

ðm; diÞðm; hiÞ:
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Now we use (36), (275) and (286) to find that

Mf ðlogPÞ
P
qeQ

6nðqÞ

q

P
deD

tðdÞðq; dÞ
d

 !6
:

It is easy to see that the sum over d isft2ðqÞðlogPÞ2. Hence we get

Mf ðlogPÞ13
P
qeQ

6nðqÞ

q
t12ðqÞf ðlogPÞ13

P
qeQ

t15ðqÞ
q

f ðlogPÞ2
16

;

so we have established (274).

It remains to prove that if p > 2 is a prime and l is an integer then the inequalities
(284) hold.

Consider T1. Using the exact formula for the Ramanujan sum, given by Lemma 5,
we get

T1 ¼
P

0ehel

P
mðplÞ�

ðpl ;m2�NÞ¼ph

jðplÞ
jðpl�hÞ mðp

l�hÞ
����

����
2

e p2l�2 P
mðplÞ�

m21N ðpl�1Þ

1þ p2lHNðplÞ

¼ p2l�1HNðpl�1Þ þ p2lHNðplÞ;

where HNðqÞ is the cardinality of the set fmðqÞ� : m2 1N ðqÞg. It is well known that if
p > 2 and pFN then HNðplÞe 2 for any l. Obviously, if pjN then HNðplÞ ¼ 0. The
inequality (284) for T1 follows.

Consider T2. Using Lemma 6 (ii) we easily obtain

P
aðplÞ�

a

p

� �
epl ðanÞ ¼ pl�1Sðp; 1Þ n=pl�1

p

� �
if pl�1kn;

0 otherwise.

8<
:

We apply Lemma 2 (v) and the estimate for HNðplÞ, given above, and find that

T2 e
P

mðplÞ�
ðpl ;m2�NÞ¼pl�1

jpl�1Sðp; 1Þj2 e p2l�1 P
mðplÞ�

ðpl ;m2�NÞ¼pl�1

1

e p2lHNðpl�1Þe 2p2l :

So the inequalities (284) are established and the proof of (268) is complete.

3.6.3. The end of the proof of Proposition 2. Let us consider the sum B0, defined by
(267). We extend the summation over q to infinity. Using (17) and (32) we find that
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P
q>Q

jhdðqÞjf ðd1d2d3Þ3
P
q>Q

ðq;NÞ
q2�e

fD9Q�1P2efP�1=5:ð287Þ

Hence

B0 ¼ B1 þ OðP�eÞ;ð288Þ

where

B1 ¼
P
ðDÞ

bðdÞ
d1d2d3

S0ð289Þ

and where S0 is defined by (16). From (265), (268) and (288) we find that if t0Pe xeP

then

BðxÞ ¼ B1

Ðx
t0P

dt

log t
þ O

�
PðlogPÞ�A

�
:ð290Þ

We substitute this expression for BðxÞ in (261). The contribution to H2 coming from the
remainder term is

fP2ðlogPÞ�A ÐP
t0P

H 0 1� x2

P2

� �
2x

P2

����
���� dxfP2ðlogPÞ�A:

We integrate by parts and find that the contribution to H2 from the main term of (290) is
N0B1, where N0 is defined by (26). Now we apply (259) to find that

H1 ¼ N0B1 þ O
�
P2ðlogPÞ�A

�
:ð291Þ

We take into account (37), (258), (289) and (291) and the proof of Proposition 2 is
complete. r

4. The proof of Theorem 1

Consider the sum

F ¼
P

p2þx2
1
þx2

2
þx2

3
¼N

ðxi;PÞ¼1

oðxÞ;

where

P ¼
Q

2<p<z1

p and z1 ¼ Pað292Þ

for some a A ð0; 1Þ, which we shall specify later. Using the condition N1 4 ð24Þ and the
definition of oðxÞ we find that the solutions of (2), such that 2 j px1x2x3, are not counted
in F.
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Suppose that

FgP2ðlogPÞ�4:ð293Þ

Then there exist constants c0 > 0 and N0 > 0 such that for any integer N > N0 there are at
least c0P

2ðlogPÞ�4 quadruples p, x1; x2; x3 satisfying (2) and such that p is a prime and
each xi is an almost-prime with no more than a�1 prime factors, counted according to
multiplicity.

So, our aim is to establish (293) with a as large as possible. We apply the vector sieve
proposed by Iwaniec [12] and used also by Brüdern and Fouvry [1], [2] as well as by the
second author [19], [20]. In many places we omit the calculations because they are similar
to those in [1], [19] and [20].

It is convenient to sieve by the small primes separately. Define

z0 ¼ ðlogPÞ1000; P0 ¼
Q

2<p<z0

p; P1 ¼
Q

z0ep<z1

p:ð294Þ

We represent the sum F as

F ¼
P

p2þx2
1
þx2

2
þx2

3
¼N

oðxÞF1F2F3L1L2L3;ð295Þ

where

Fi ¼
P

k j ðxi ;P0Þ
mðkÞ; Li ¼

P
l j ðxi;P1Þ

mðlÞ:

Let

D0 ¼ Pe; D1 ¼ P2=69�11e; D ¼ D0D1:ð296Þ

We define

s0 ¼
logD0

log z0
¼ e logP

1000 log logP
;ð297Þ

s1 ¼
logD1

log z1
¼ 2

69
� 11e

� �
a�1:ð298Þ

To apply the sieve method we need the inequalities s0 > 2 and s1 > 2. The first of them is
obvious. To have the second we assume that a < 1=69 and take e su‰ciently small.

Consider Rosser’s weights lGi ðdÞ of orders Di, i ¼ 0; 1. Define

FG
i ¼

P
k j ðxi;P0Þ

lG0 ðkÞ; LG
i ¼

P
l j ðxi;P1Þ

lG1 ðlÞ; i ¼ 1; 2; 3:ð299Þ

The definition and the properties of the Rosser weights can be found in Iwaniec [13], [14].
In particular, we have
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jlGi ðdÞje 1; lGi ðdÞ ¼ 0 if mðdÞ ¼ 0 or d > Di;ð300Þ

F�
i eFi eFþ

i ; L�
i eLi eLþ

i ; i ¼ 1; 2; 3:ð301Þ

From (301) we easily get

F1F2F3L1L2L3 fF�
1 F

þ
2 F

þ
3 L

þ
1 L

þ
2 L

þ
3 þFþ

1 F
�
2 F

þ
3 L

þ
1 L

þ
2 L

þ
3ð302Þ

þFþ
1 F

þ
2 F

�
3 L

þ
1 L

þ
2 L

þ
3 þFþ

1 F
þ
2 F

þ
3 L

�
1 L

þ
2 L

þ
3 þFþ

1 F
þ
2 F

þ
3 L

þ
1 L

�
2 L

þ
3

þFþ
1 F

þ
2 F

þ
3 L

þ
1 L

þ
2 L

�
3 � 5Fþ

1 F
þ
2 F

þ
3 L

þ
1 L

þ
2 L

þ
3 :

The proof of (302) is elementary and similar to the proof of Lemma 13 of [1].

From (295) and (302) we find that

Ff
P6
i¼1

Fi � 5F7;ð303Þ

where Fi, 1e ie 7 are the contributions of the consecutive terms from the right hand side
of (302). Obviously F1 ¼ F2 ¼ F3 and F4 ¼ F5 ¼ F6.

Consider, for example, F1. We use (296), (299), (300) and change the order of sum-
mation to get

F1 ¼
P

d1;d2;d3eD

b1ðd1Þb2ðd2Þb3ðd3ÞLdðNÞ;

where LdðNÞ is defined by (34) and

b1ðd1Þ ¼
P

kjP0; ljP1

kl¼d1

l�0 ðkÞl
þ
1 ðlÞ;ð304Þ

biðdiÞ ¼
P

kjP0; ljP1

kl¼di

lþ0 ðkÞl
þ
1 ðlÞ; i ¼ 2; 3:ð305Þ

It is obvious that the functions bi satisfy (35) and (36). Therefore, we can apply Proposition 2
to get

F1 ¼ F�
1 þ O

�
P2ðlogPÞ�A

�
;ð306Þ

where

F�
1 ¼

P
d1;d2;d3eD

b1ðd1Þb2ðd2Þb3ðd3Þ
d1d2d3

N0ðNÞS0ðd;NÞð307Þ

and where S0 and N0 are defined by (16) and (26).

Suppose that di are squarefree odd numbers and consider S0. Using the identity (16)
we find that
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S0ðd;NÞ ¼ x0ðNÞRðd;NÞ;ð308Þ

where

x0 ¼ x0ðNÞ ¼
Q
p>2

�
1þ h0ðpÞ

�
;ð309Þ

Rðd;NÞ ¼
Q

p k d1d2d3

1þ h1ðpÞ
1þ h0ðpÞ

Q
p2 k d1d2d3

1þ h2ðpÞ
1þ h0ðpÞ

Q
p3 k d1d2d3

1þ h3ðpÞ
1þ h0ðpÞ

:ð310Þ

From (10)–(13), (309) and (310) we get

1f x0 f log logPð311Þ

and

Rðd;NÞf t2ðd1Þt2ðd2Þt2ðd3Þ:ð312Þ

The calculations are standard and we leave them to the reader.

Suppose that di ¼ kili, where kijP0, lijP1, i ¼ 1; 2; 3, and denote by k and l the triples
k1; k2; k3 and l1; l2; l3, respectively. It is clear that

Rðd;NÞ ¼ Rðk;NÞRðl;NÞ:ð313Þ

Define

HG ¼
P

k1;k2;k3 jP0

lG0 ðk1Þlþ0 ðk2Þl
þ
0 ðk3Þ

k1k2k3
Rðk;NÞ;ð314Þ

GG ¼
P

l1; l2; l3 jP1

lG1 ðl1Þlþ1 ðl2Þl
þ
1 ðl3Þ

l1l2l3
Rðl;NÞ:ð315Þ

From (304), (305), (307), (308) and (313)–(315) we find that

F�
1 ¼ N0x0H

�Gþ:ð316Þ

We study the other sums Fi in the same manner and use the analogs of (306) and (316) to
obtain

F1 ¼ F2 ¼ F3 ¼ N0x0H
�Gþ þ O

�
P2ðlogPÞ�A

�
;

F4 ¼ F5 ¼ F6 ¼ N0x0H
þG� þ O

�
P2ðlogPÞ�A�;

F7 ¼ N0x0H
þGþ þ O

�
P2ðlogPÞ�A

�
:

Now we apply (303) to get

FfN0x0ð3H�Gþ þ 3HþG� � 5HþGþÞ þ O
�
P2ðlogPÞ�A

�
:ð317Þ
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From (297) we see that s0 ! y as N ! y. Hence the Rosser weights lG0 behave like
the Möbius function and we can expect that the sums HG can be approximated by the sum

H0 ¼
P

k1;k2;k3 jP0

mðk1Þmðk2Þmðk3Þ
k1k2k3

Rðk;NÞ:

More precisely, the following asymptotic formula holds:

HG ¼ H0 þ O
�
expð�

ffiffiffiffiffiffiffiffiffiffiffi
logP

p
Þ
�
:ð318Þ

We omit the proof because it does not di¤er significantly from the proof of Lemma 14 of
[19] or formula (3.17) of [20].

It is easy to see that

H0 ¼
Q

2<p<z0

1�
3
�
1þ h1ðpÞ

�
p
�
1þ h0ðpÞ

�þ 3
�
1þ h2ðpÞ

�
p2
�
1þ h0ðpÞ

�� 1þ h3ðpÞ
p3
�
1þ h0ðpÞ

�
 !

:ð319Þ

From this formula, (10)–(13) and (294) we find that

H0 � ðlog logPÞ�3:ð320Þ

We leave the easy verification of (319) and (320) to the reader.

Using (292), (294), (300), (312) and (315) we get

GGf
P
ljP1

t2ðlÞ
l

 !3
f ðlogPÞ12:ð321Þ

From (27), (311), (317), (318) and (321) we find that

FfN0x0H0ð3G� � 2GþÞ þ O
�
P2ðlogPÞ�A

�
:ð322Þ

It remains to estimate from below the di¤erence 3G� � 2Gþ. Using (315) we get

3G� � 2Gþ ¼
P

l1; l2; l3 jP1

�
3l�1 ðl1Þ � 2lþ1 ðl1Þ

�
lþ1 ðl2Þl

þ
1 ðl3Þ

l1l2l3
Rðl;NÞð323Þ

¼ W1 þW 0
1 ;

where in W1 we sum over l1; l2; l3 jP1 such that

ðl1; l2Þ ¼ ðl1; l3Þ ¼ ðl2; l3Þ ¼ 1ð324Þ

and where W 0
1 is the contribution of the other terms. We use the definition of P1, given by

(294), and find that if li; lj jP1 and ðli; ljÞ > 1 then ðli; ljÞf z0. From this observation, (300)
and (312) we easily get

W 0
1 f ðlogPÞ100z�1

0 :ð325Þ
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Consider W1. If the condition (324) holds then we have

Rðl;NÞ ¼ cðl1Þcðl2Þcðl3Þ;

where

cðlÞ ¼
Q
pjl
p>2

1þ h1ðpÞ
1þ h0ðpÞ

:ð326Þ

Hence

W1 ¼
P

l1; l2; l3 jP1

�
3l�1 ðl1Þ � 2lþ1 ðl1Þ

�
lþ1 ðl2Þl

þ
1 ðl3Þ

l1l2l3
cðl1Þcðl2Þcðl3Þð327Þ

�
P

h1 j ðl2; l3Þ
h2 j ðl1; l3Þ
h3 j ðl1; l2Þ

mðh1Þmðh2Þmðh3Þ

¼
P

h1;h2;h3 jP1

mðh1Þmðh2Þmðh3Þ

�
P

l1; l2; l3 jP1

l110ð½h2;h3�Þ
l210ð½h1;h3�Þ
l310ð½h1;h2�Þ

�
3l�1 ðl1Þ � 2lþ1 ðl1Þ

�
lþ1 ðl2Þl

þ
1 ðl3Þ

l1l2l3
cðl1Þcðl2Þcðl3Þ

¼ W2 þW 0
2 ;

where W2 is the contribution of the terms with h1 ¼ h2 ¼ h3 ¼ 1 and W 0
2 comes from the

other terms.

Consider W 0
2 . If hijP1 and hi > 1 then hi f z0. Therefore, after some calculations,

which we leave to the reader, we obtain

W 0
2 f ðlogPÞ100z�1

0 :ð328Þ

Consider W2. Obviously

W2 ¼ ð3T� � 2TþÞðTþÞ2;ð329Þ

where

TG ¼
P
ljP1

lG1 ðlÞcðlÞ
l

:

Using Lemma 10 of [1] we establish the inequalities

NeTþ
eN



Fðs1Þ þ O

�
ðlogPÞ�1=3��;ð330Þ

T�
fN



f ðs1Þ þ O

�
ðlogPÞ�1=3��;ð331Þ
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where F and f are the functions of the linear sieve (see Iwaniec [13], [14]), s1 is specified by
(298),

N ¼
Q

z0ep<z1

1� cðpÞ
p

� �

and c is defined by (326). We use (10), (11), (292), (294) and (326) to find that

Ng
log z0
log z1

g ðlogPÞ�1ðlog logPÞ:ð332Þ

We choose a ¼ 0.00983 and use that if g denotes the Euler constant and s A ð2; 3Þ then
FðsÞ ¼ 2egs�1 and f ðsÞ ¼ 2egs�1 logðs� 1Þ. We find that if s1 is specified by (298) and e is
su‰ciently small then

3f ðs1Þ � 2Fðs1Þ > 10�4:ð333Þ

From (329)–(333) we obtain

W2 fN3
�
3f ðs1Þ � 2Fðs1Þ þ O

�
ðlogPÞ�1=3��g ðlogPÞ�3 ðlog logPÞ3:ð334Þ

We use (27), (294), (311), (320), (322), (323), (325), (327), (328) and (334) and we find
that if a ¼ 0.00983 then the estimate (293) holds. It remains to notice that this a satisfies
101 < a�1 < 102 and the proof of Theorem 1 is complete. r

5. The proof of Theorem 2

We recall that in this section bold style letters denote four-dimensional vectors. We
also assume that the components of d are always squarefree. Now we define

Sdðq;m; nÞ ¼
Q4
i¼1

Sðq;md 2
i ; niÞ; Sdðq;mÞ ¼ Sdðq;m; 0Þ;ð335Þ

Idðb; uÞ ¼
Q4
i¼1

Iðb; uid�1
i Þ; fdðaÞ ¼

Q4
i¼1

fdiðaÞð336Þ

and let

TNðq; dÞ ¼
�
ðq;NÞðq; d 2

1 Þ . . . ðq; d 2
4 Þ
�1=2

:

An important point in [1] is the estimation of the sum

Vðq; d; n; v;NÞ ¼
P
aðqÞ�

eqðva�NaÞSdðq; a; nÞ:ð337Þ

In Lemma 1 of [1] Brüdern and Fouvry use estimates for Kloosterman and Salié sums and
prove the inequality

Vðq; d; n; v;NÞf q5=2þeTNðq; dÞ:ð338Þ

From (338) follows, in particular, that the singular series

Heath-Brown and Tolev, Lagrange’s four squares theorem220



S1ðd;NÞ ¼
Py
q¼1

q�4Vðq; d; 0; 0;NÞð339Þ

is absolutely convergent. The arithmetic properties of the function S1ðd;NÞ are studied in
detail in Section 2.4 of [1]. Define

Bðd;NÞ ¼
P

x2
1
þx2

2
þx2

3
þx2

4
¼N

xi10 ðdiÞ

oðx1Þ . . .oðx4Þ

and

Rðd;NÞ ¼ Bðd;NÞ � k1P
2 S1ðd;NÞ
d1d2d3d4

;ð340Þ

where o, k1 and S1 are specified by (18), (24) and (339), respectively. For any positive D

we define

H�ðDÞ ¼
P
ðD�Þ

jRðd;NÞj;ð341Þ

where
P
ðD�Þ

means that the summation is taken over squarefree odd integers

d1; d2; d3; d4 eD. We prove the following

Proposition 3. Suppose that DeP1=8�10e. Then we have

H�ðDÞfP2�e:

This statement is an analogue of Theorem 3 from [1]. In this paper Brüdern and
Fouvry use the approach of Estermann [4] and their upper bound for di is Py, where
y < 1=11. Here we use weighted exponential sums and apply Lemma 12 and our result
becomes stronger.

Applying the arguments from Section 3 of [1] we can see that our Theorem 2 is a
consequence of Proposition 3.

Proof of Proposition 3. It is enough to establish the inequality

H�ðDÞfP3=2þ10eD4:ð342Þ

We use again the Kloosterman method. It is clear that

Bðd;NÞ ¼
Ð1
0

eð�NaÞ fdðaÞ dað343Þ

¼
P
qeP

P
aðqÞ�

Ð
Bðq;aÞ

e

 
�N

a

q
þ b

� �!
fd

a

q
þ b

� �
db;

where the set of integration Bðq; aÞ and the function fd are defined by (54) and (336),
respectively. We use (335), (336) and Lemma 12 to represent the integrand from the for-
mula above in the form
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P4e

 
�N

a

q
þ b

� �!

q4d1d2d3d4

P
n AZ4

jnijediP
e

Sdðq; a; nÞIdðbN;�Pq�1nÞ þ OðP�AÞ:

We substitute this expression for the integrand in (343) and change the variable of inte-
gration to get

Bðd;NÞ ¼ P2

d1d2d3d4

P
qeP

q�4 P
n AZ4

jnijediP
e

P
aðqÞ�

Ð
B 0ðq;aÞ

eqð�NaÞeð�bÞ

� Sdðq; a; nÞIdðb;�Pq�1nÞ db þ OðP�AÞ;

where the set B 0ðq; aÞ is defined by (62). Then we change the order of integration and
summation over a to find that

Bðd;NÞ ¼ P2

d1d2d3d4

P
qeP

q�4 P
n AZ4

jnijediP
e

Ð
jbjeP

q

eð�bÞIdðb;�Pq�1nÞð344Þ

�
P
aðqÞ�

a AAðq;bÞ

eqð�NaÞSdðq; a; nÞ db þ OðP�AÞ;

where Aðq; bÞ is the set of residue classes modulo q, whose properties were described in
Section 3.4.2. In particular, there exists a function sðv; q; bÞ, satisfying (99) and such thatP

aðqÞ�
a AAðq;bÞ

� � � ¼
P

�q=2<veq=2

sðv; q; bÞ
P
aðqÞ�

eqðavÞ . . . :ð345Þ

We represent Bðd;NÞ in the form

Bðd;NÞ ¼ B1 þ B2 þ OðP�AÞ;ð346Þ

where in B1 the integration is taken over b such that jbjePð2qÞ�1, whilst in B2 we inte-
grate over b satisfying Pð2qÞ�1 < jbjePq�1.

Consider B2. From (99), (337), (344) and (345) we obtain

B2 ¼
P2

d1d2d3d4

P
qeP

q�4 P
n AZ4

jnijediP
e

Ð
P

2q
ejbjeP

q

Idðb;�Pq�1nÞð347Þ

� eð�bÞ
P

�q=2<veq=2

sðv; q; bÞVðq; d; n; v;NÞ db

f
P2

d1d2d3d4

P
qeP

q�4 P
n AZ4

jnijediP
e

P
jvjeP

ð1þ jvjÞ�1

� jVðq; d; n; v;NÞj
Ðy
P

2q

jIdðb;�Pq�1nÞj db:
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Applying (336) and Lemma 9 (iii) we find that

Ðy
P

2q

jIdðb;�Pq�1nÞj dbf
Ðy
P

2q

b�2 dbf qP�1ð348Þ

and from (338), (347) and (348) we obtain

B2 fP1þ6eP
qeP

q�1=2TNðq; dÞ:ð349Þ

Consider now B1. In this case the set Aðq; bÞ is a complete system of residues modulo
q and we have

B1 ¼
P2

d1d2d3d4

P
qeP

q�4 P
n AZ4

jnijediP
e

Jðq; d; n;NÞVðq; d; n; 0;NÞ;ð350Þ

where

Jðq; d; n;NÞ ¼
Ð

jbjeP

2q

eð�bÞIdðb;�Pq�1nÞ db:

Using (24), (336), (348) and Lemma 10 (ii) we find that

Jðq; d; n;NÞ ¼
k1 þ OðqP�1Þ if n ¼ 0;

O

 
qP�1þ2e

�P4
i¼1

jnijd�1
i

��1
!

otherwise.

8>><
>>:ð351Þ

From (338), (339), (350) and (351) we obtain

B1 ¼ k1P
2 S1ðd;NÞ
d1d2d3d4

þ OðB3Þ þ OðB4Þ þ OðB5Þ;ð352Þ

where

B3 ¼
P2

d1d2d3d4

P
q>P

q�3=2þeTNðq; dÞ;

B4 ¼
P1þ3e

d1d2d3d4

P
qeP

q�1=2TNðq; dÞ;

B5 ¼
P1þ3e

d1d2d3d4

P
qeP

q�1=2TNðq; dÞ
P

03n AZ4

jnijediP
e

�P4
i¼1

jnijd�1
i

��1

:

Using the last three formulas as well as (349) we can establish thatP
ðD�Þ

jBijfP3=2þ10eD4 for i ¼ 2; 3; 4; 5:ð353Þ

The calculations are not di‰cult and we leave them to the reader.

We take into account (340), (341), (346), (352) and (353) and prove that the estimate
(342) is correct. This completes the proof of Proposition 3. r
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