ON THE DISTRIBUTION OF ap MODULO ONE FOR
PRIMES p OF A SPECIAL FORM

T.L.TODOROVA AND D.L.TOLEV

ABSTRACT. A classical problem in analytic number theory is to

study the distribution of ap modulo 1, where « is irrational and p

runs over the set of primes. We consider the subsequence generated

by the primes p such that p + 2 is an almost-prime (the existence

of infinitely many such p is another topical result in prime number

theory) and prove that its distribution has a similar property.
2000 Mathematics Subject Classification: 11J71, 11N36.

Key words: linear sieve, almost primes, distribution modulo one.

1. INTRODUCTION AND STATEMENTS OF THE RESULT

The famous prime twins conjecture states that there exist infinitely
many primes p such that p 4+ 2 is a prime too. This hypothesis is still
unproved but there are many approximation to it established. One of
the most interesting of them is due to Chen [1]|. In 1973 he proved that
there are infinitely many primes p for which p +2 = P,. (As usual
P, denotes an integer with no more than r prime factors, counted
according to multiplicity).

Suppose that we have a problem including primes and let » > 2 be
an integer. Having in mind Chen’s result we may consider this problem
with primes p, such that p + 2 = P,.. We will give several examples.

In 1937, Vinogradov [16] proved that every sufficiently large odd n
can be represented in the form

(1) p1+p2+p3=n,

where p1, pa, ps are primes. In 2000 Peneva [12] and Tolev [13] con-
sidered (1) with primes of the form specified above. It was established
in [13| that if n is sufficiently large and n = 3 (mod 6) then (1) has a
solution in primes pq, ps, p3 such that

p1+2=Py, p2+2=P5, p3s+2=Py

Further, in 1938 Hua (8| proved that every sufficiently large n = 5
(mod 24) can be represented as

(2) pi+p5+p5 +pi+pi=n,

where py,...,ps are primes. In 2000 Tolev [15] proved that every suf-

ficiently large n = 5 (mod 24) can be represented in the form (2) with
1
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primes py, ..., ps such that
PL+2=Py,py+2=P), p3+2=PF5, py+2= Py, ps +2= Pr.

Finally, in 2004 Green and Tao [3| proved their celebrated theorem
stating that for every natural k > 3 there are infinitely many arithmeti-
cal progression of k different primes. Later they established (see [4])
that there exist infinitely many arithmetical progression of three dif-
ferent primes p, such that p + 2 = Py. (A weaker result of this type
was previously obtained by Tolev [14]). In the paper [4] Green and
Tao state that using the same method their result can be extended for
progression of k terms, where k is arbitrary large.

In the present paper we consider another popular problem with
primes and study it with primes of the form specified above.

Let a be irrational real number, 3 be real and let ||z|| = 15161%1 |z — nl.

In 1947 Vinogradov [17| proved that if 0 < # < 1/5 then there are
infinitely many primes p such that

llap + 6] <p~°.
Latter the upper bound for # was improved and the strongest published
result is due to Heath-Brown and Jia 7] with § < 16/49. We shall prove
the following

Theorem 1. Let o € R\Q , f € R and let 0 < 6 < 1/100. Then
there are infinitely many primes p satisfying p + 2 = P4 and such that

(3) lap + Bl < p~".

Other versions of this theorem are also possible, but our intention
is to present here a result with r as small as possible and for this r to
find some (not necessarily the biggest possible) 6.

Acknowledgements: The first author was supported by the Sofia
University Scientific Fund, grant 055/2007. The second author was
supported by the Ministry of Science and Education of Bulgaria, grant
MI-1504/2005.

2. NOTATION

Let N be a sufficiently large real number and 9, 7, 6, p, k be real
constants satisfying
(4) 0<6< <5<1 <p<o 0< 0<6< L

n 5 S n<p ) K, = 100°
We shall specify 0,7, p and x latter. We put
5) z=N", y=N*, D=N°
A=A(N)=N" H=A"'log?N.

By p and ¢ we always denote primes. As usual Q(n), p(n), p(n), A(n)
denote respectively the numbers of prime factors of n counted with the
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multiplicity, Euler’s function, Mobius’ function and Mangoldt’s func-
tion. We denote by 7x(n) the number of solutions of the equation
mims...my = n in natural numbers mq, ..., my and (n) = 7(n).
Let (mq, ... ,my) and [my, ... ,my] be the greatest common divisor
and the least common multiple of my, ..., m; respectively. Instead of
m = n (mod k) we write for simplicity m = n(k). As usual, [y] de-
notes the integer part of y, ||y|| — the distance from y to the nearest
integer, e(y) = e*™. For positive A and B we write A < B instead of
A <« B < A. The letter € denotes an arbitrary small positive number,
not the same in all appearances. For example this convention allows
us to write x°log x < x°.

3. PROOF OF THE THEOREM
We take a periodic with period 1 function such that
©) 0<x(t) <1l if —A<t<A;
xt) =0 if A<t<1-A,
and which has a Fourier series

(7) X(8) = A+ g(k)e(kt),

|k|>0
with coefficients satisfying
9(0) = A,
(8) gk) < A for all k,
D lg(k)] < N7

|k|>H

The existence of such a function is a consequence of a well known
lemma of Vinogradov (see [11], ch. 1, §2).
Consider the sum

9) P=T(N)= Y xlap+B)T, logp,
N/2<p<N

(p+2, P(2))=1
where
(10) Pz =[] »r

2<p<lz
and
log q)
11 T =1—«& 1-— .
(1) Py (1- 2
q|p+2

Obviously

(12) L(N) <Ty
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where I'y is the sum of the terms of I'(/V) for which 7}, > 0. Denote by
'y the sum of the term of T'; for which p?(p 4+ 2) = 0. It is clear that

(13) O<F2<<Z Z logn < log N Z <52+1>

< n<N 2<q<+/N q

n+2=0(q2)
1+e
<

4+ N3te « Nl-nte,
We also remove from I'; the term ( if such exist ) for which N—2 < p < N
and the resulting error is O(log N). Therefore
(14) [ <T3+ O(N'""e),
where
Ly =Y x(ap+ )T, logp

and where the summation is taken over the primes p, satisfying

(15) N/2<p<N-2,
(16) T,>0, p*(p+2)=1 (p+2P(2)=1
Assume that
AN
1 I'(N )
(7) V) >

Then from (4), (5) and (14) we get I's > 0. Hence there exist a prime
p satisfying (15), (16) and such that

(18) x(ap + 3) > 0.

From (5), (6), (15) and (18) it follows that this prime satisfies (3).
On the other hand, from the properties of the weights 7}, (see [5],
ch. 9) it follows that if p satisfies (15), (16) then

1 1
Qp+2) < —+-.
kK p
We see that to prove our theorem it is enough to determine the con-
stants 9, 1, 6, p, k in such a way that:
I: There exist a sequence {N;}52, such that

A(N;) N; )
lim N; = I'(N; —~ ) =1,2 3,...
jLI& o0, ( ]> > IOgNj y ) 737
IT: We have
1 1
(19) -+ -<5
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Using (9) and (11) we write I" as

(20) I'=® — kG,
where
(21) o= > x(ap+B)logp
N/2<p<N
(p+2, P(2))=1
and
log q
(22) G= Y. x(ap+pB)logp > (1 - logy)-
N/2<p<N 2<q<y
(p+2, P(z))=1 qlp+2

We shall estimate ® from below and G from above.

Consider the sum ®. We apply a lower bound linear sieve. We take
the lower Rosser weights A~ (d) of order D. For the definition and their
properties we refer the reader to [9], [10]. In particular we shall use
that the Rosser weights are real numbers such that

(23) AN (d)| <1, X (d)=0 if d>D or p?*(d) =0,

1, ifA=1
24 A (d) <7 ’
(24) dle ()_{O, iftAeN, A>1.
We shall also use that if
logD ¢
(25) s=—0—_2 and 2<s<4
logz 7
then
A~(d) 27 log(s — 1) o
(26) Z 2(d) II(2) . +O| (log N) ,
P
where
1
2<p<lz
From this place onwards we assume that
)
(28) 2 < 7 < 4,

so the inequality (26) holds. Using (21), (24) we get
(29) > = Z X(ap + B)logp Z A7 (d)

N/2<p<N d|(p+2, P(2))
= Y A (@ Y, xlap+B)logp.
d|P(z) N/2<p<N

p+2=0 (d)

Form (7), (8) we find that
(30) Py = A(P2 + P3) + O(1),
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where
oy = Z)\_(d) Z log p,
d|P(z) N/2<p<N
p+2=0 (d)
(B1) = > A(d) > k) Y. elapk)logp,
d|P(z) 0<|k|<H N/2<p<N

p+2=0 (d)
(32)  c(k) = Al'g(k)e(pk) < 1.

Consider ®5. From Bombieri-Vinogradov’s theorem (see [2], ch. 24),
(4), (5), (23) we see that

N A~ (d) N
(33) By = Z;Z)W+O((loglv)2)'
It is well known that the product defined by (27) satisfies
1
logz
Therefore from (4), (5), (26), (33), (34) we find that

(34) I(z) =

log(s — 1) N
35 Oy >e'NIl(2) ———— + O ————=
) 2 o) 2= 40 )
where s is specified by (25). We shall study the sum ®3 later.
Consider now the sum G, defined by (22). We write it in the form

(36) G—Z<1 1qu) > x(ap+ B)logp

]
2<q<y 08 Y N/2<p<N
p+2=0(q)
(p+2, P(2))=1

and then apply an upper bound linear sieve. Let \,(d) be the upper

D
Rosser weights of order —. We know that
q

D
(37) ()] <1, A(d) =0 if d>5 or p?(d) =0,

1, fA=1
38 A (d) > ’ ’
(38) %qw—{o, if AeN, A>1.
We shall also use that if
log(D
(39) 31:M and 1<s <3
log 2
then

(40) > 4D < (2— +0((log N>-1/3>>
d|P(z
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From this place onwards we assume that
(41) n+p <o.

Then using also (28) we see that the condition (39) holds, conse-
quently (40) is true. From (36) — (38) we find

(42)G < Gy =
log q
> (1_logy> Y. xlap+p)logp Y Ald)
2<q<y N/2<p<N d|(p+2, P(2))
p+2=0(q)
log q
S (B D IR VCID SRR AR I
2<q<y &Y d|P(z) ;];\i/;;(féjdv)
= > A(m) > x(ap+B)logp,
m<D N/2<p<N
p+2=0 (m)
where
log q
43 = 1-— A (d).
(43) ) = 3 (1= et )t
z2<q<y
i

Using (10), (37) and (43) we easily see that
(44) [y(m)] < 1.

From (7), (8) and (42) we find

(45) G1 = A(G2+ G3) +0O(1),

where

Gy = Z y(m) Z log p,

m<D N/2<p<N
p+2=0(m)
(46) Gy=Y ~v(m) > ck) > elapk)logp,
m<D O<|k|<H N/2<p<N

p+2=0 (m)

and where c(k) satisfies (32).
We apply again Bombieri-Vinogradov’s theorem and (4), (5), (44) to
find that

N y(m) N
0 o:=3 ¥ 3y + O )

m<D
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Using (40), (43) we obtain
m)

( log g Aq(d)
) A=Y (1) >
= elm) e logy ) = ¢lad)
=S (1_10gQ) 1 Aq(d)
ol logy/q—1 &= ¢(d)
logq) 1
(1) L
2 logy/q—1

Therefore from (5), (34), (47), (48) we get
(49)

s 5 () 1 (500 o)

z2<q<y

Now we are in a position to find a lower bound for the sum I
From (20), (29), (30), (35), (42), (45), (49) it follows that

AN
(50) r Z(EWANH(Z>E+O(W) +O<A|(I)3—HG3’>,

where

o e () ()

Rl logy/)q—1

and where s is specified by (25). Using partial summation and the
prime number theorem it is easy to prove that

1
2 Y=X —
(52) 0+ 0y )
where
P
1 —1 1 1 1
(53) EOZM—FLU/(———> du.
S u plo—u

n

Therefore, using (5), (34), (50) we get

AN
v = _

Now we shall see that if N is a term of a suitable sequence tending to
infinity then the last error term in the formula above can be omitted.
The following lemma holds:
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Lemma 1. Suppose a € R\Q and

(54) 5+9<%.

Let £(d), c(k) be complex numbers defined for d < D, 0 < |k| < H,
where D and H are specified by (5), and let

(55) £(d) < 1, c(k) < 1.

Then there exist a sequence {N;}32,, lim N; = oo, such that if
j—00

(56) S(N) = &(d) Y k) Y elapk)logp

d<D 1<|k|<H N/2<p<N
p+2=0 (d)
then we have
N
S(Nj)<<—J 7=1,2,3,....

log? N; ’
We will present the proof of this Lemma in the next section.

From (31), (46) we see that the quantity ®3 — kG5 can be written as
a sum of type (56) with £(d) = A\*(d) — kvy(d), where A\*(d) = A~ (d) if
d|P(z) and A\*(d) = 0 otherwise. Using our Lemma we see that there
exist a sequence tending to infinity such that if N is its term then

AN
2 -
(57) I'>e ANH(Z)EO+O<(IogN)4/3>'
We put
p=023, 6=0315, 5=008 r=158.
Then it is easy to verify that the conditions (4), (19), (28), (41), (54)
are fulfilled and also
2 > 0.

From the last inequality and (5), (34), (57) it follows that there exist
a constant ¢ > 0 such that for any N from our sequence we have

I'>¢ > 0.

log N
This completes the proof of the theorem.

4. PROOF OF LEMMA
Since « is irrational we see, using Dirichlet’s theorem, that there are
infinitely many integers A and natural numbers () such that
A 1
Ql  Q*
For any such @ we choose N in a suitable way (see (73) ) and in this
way define our sequence {IV;}22,.

o — <
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It is clear that

(58) S(N) =W + O(HN?*),
where
W = Z A(n) Z c(k)e(ank) Z &(d).
N/2<n<N 1<|k|<H dd\l%fz

2td

Using Heath-Brown’s identity [6] with parameters

NI

(59) P=N/2,P,=N,u=2"7"N% v=2"Ni, w=N2i,

we decompose the sum W as a linear combination of O(log® N) sums
of first and second type. The sums of the first type are

Wi= Y am Y > clk)e(amlk) > &(d)

M<m<M, L<ISLy 0<|k|<H d<D
N/2<mI<N = dlml+2
2td
and
Wi = 5 A, E log ! E c(k)e(amlk) 5 &(d),
M<m<M, L<I<Ly 0<|k|<H d<D
N/2<mI<N - d|ml+2
2¢4d
where

(60) M, <2M, L;<2L, ML=N, L>w, an<N°-.

The sums of the second type are

Wo= > am Y b Y clk)e(amik) Y &(d),

M<m<DM L<ISLy  O<|k|<H d<D
N/2<mI<N - d|ml+2
2td

where
(61)
M, <2M, L[4 <2L, MLx=N, u<L<wv, a,, bh<<N°.

First we estimate the sums of second type. We have

Wy < N° ) Yoo > clk)e(amlk) > f(d)‘.
M<m<My ' L<I<Ly 0<|k|<H d<D
N/2<mI<N d|ml+2

2td

Applying the Cauchy inequality and (55), (61) we get

Yo Y clk)e(amlk) Y &(d)

L<I<Ly 0<‘k‘SH d<D
N/2<ml<Ny d|ml+2

2td
<NM DN,

dy,do<D 0<ki,ke<H L<l1,l2<Ly
24d, da

2
W < N°M >

M<m<M;
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where

V = Z e(am(kily — kaly)),

]M’<m§]bf{
1;m+2=0(d;), 1=1,2

N N N N
M' =max<{ —, —, M p, M{ =min< —, —, M .
2[1 2[2 ll l2

If the system of congruences

l1m + 2= O(dl)

(62) L + 2 = 0(ds).

has no solution then V' = 0. Assume that the system (62) has a
solution. Then there exist an integer f = f(ly, l2, di, da) such that
(62) is equivalent to m = f([dy, do]) and therefore

V = Z e(am(kily — kals))

M!'<m<M]|
m=f([dy,d3])

= e(af(krly — kaly)) > e(asldy, do)(kily — kaly)).

M/ —f M{—f
M =] e 1
[y, do] “5=Tdy, dg]

From (5), (54), (59), (61) it follows that

N
(63) M > - > D?.
Applying Lemma 4 from [11], ch. 6, §2, we get
(64)
M
. if kily = kaolo,
V [dla d?]
<
min { M ! } if klll §£ kglg
[dla dQ]’ ||04(/€111 - k2l2>[d17 d2]|| ’ .
Therefore
(65) |Wa|? < N°M (le + VQ)
where

1
‘/1 = Z [dl, dg] Z 17

di,d2<D 0<ki,ko<H L<ly,lp<Ly
kqly=Fkalo

M 1
=3 >, > mln{[dl,dz]’I\a(klh—kzlzﬂdbdzm

d1,d2<D 0<ky,ko<H L<ly,lg<L;
k1l #kalo

b
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It is clear that
(66)

V1<<Z S 1Y Py < NHLY L )<

h<D2 [d1,d2]=h n<2HL h<D?2

Consider V, we have

2 min M ! 7(n1)T(Ns
RS SRRV SIT'E E S SRS

h<D? 0<|r|<2HL 0<ni,ng<2HL

n]—no=r
1
«NHLY Y mm{ Wh“}

h<D? 0<r<2HL

HLM 1
< N°HL Z min{ }

m " [laml|
m<2D2HL

Since M > D? (see (63)) we can apply Lemma 2.2 from [18], ch. 2,
§2.1 and get

H2L*M

(67) Vy < NE( + D?*H?L? + HLQ).

From (61), (65) — (67) we obtain
H?*L?M?
Q

HN? H2N?
<<N8( + 0 +D2H2NU—|—HNQ).
Uu

[Wa|? < N°¢ (HLM2 + + D?*H?L*M + HLMQ)

Hence

1

Hz2

u

N HN
_|_

D=

(68) Wy < Na( + DHN?2v? + H%N%Q%).

Q3
Now we shall estimate the sums of the first type. Using (55), (60)
we get

(69) Wi NEY > Y

d<ajl:) 0<k<H M<m<DM;

where

(70) U= > e(akml),
L’<l§L’1
ml+2=0(d)

N N
L':maX{L,—}, L'lzmin{Ll,—}.
2m m

If (m, d) > 1 then the sum U is empty. Suppose now that (m, d) = 1.
Then the congruence ml + 2 = 0(d) is equivalent to [ = ly(d) for some
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integer o = lo(m, d). Hence we may write U in the form

U = e(akmly) Z e(akmsd).

L'—1g L+l
T <sS—g—

Using Lemma 4 from [11], ch. 6, §2 we get

U<minf > 1
md’ ||akmd|| |’

consequently

&€ 1 N 1
Wi NSy Y0 Y mm{mm}

d<D k<H M<m<M;

. . [N 1
<N Z me{g, W}

n<2MD k<H

HN 1
N® in g ——,
<N D me{ kn Haknu}

n<2MD k<H

NH 1
N¢ i _ 3.
<N D m{ s ’||as||}

s<2MDH

Using (54), (59), (60) we see that we may apply again Lemma 2.2, [18],
ch. 2, §2.1 and we get

(71) W <« Na(ﬂ—i-ﬂ—f-@).
Q w

We consider the sum W] in the same manner and we find

(72) W, <« Na(%ﬁ-#—i—@).

From (68), (71) and (72) we obtain

H:N HN s \ 1 1 DHN
W<<N5( — + 1+DHN2U2+H2N2Q2+—+Q).
uz Q2 w
We choose
(73) N =Qti

and having in mind (4), (54), (59) we obtain

3(1+0)

W NS NTa 4 Nat0H0 o NI

for some small constant c > 0. This proves our Lemma.
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